
MATH 214 SAMPLE HOMEWORK SOLUTION

(1) Recall the Knights and Knaves from the first day of class. Recall that knights always tell the truth,
and knaves always lie. You meet three inhabitants: Patricia, Quinn and Roberta. Patricia claims
that it’s false that Roberta is a knave. Quinn says, ‘Either Roberta is a knight or I am a knight.’
Roberta says that Quinn is a knave. Who are knights and who are knaves? Prove your answer (using
truth table).

Solution: Let P be “Patricia is a knight”, Q be “Quinn is a knight”, and R be “Roberta is a
knight”. Then what Patricia claimed is ¬(¬R), what Quinn said is R∨Q, and what Roberta said is
¬Q. Since the above sentences have two sources of truth values: by its speaker and by its content,
we have the following truth table.

P Q R ¬(¬R) R ∨Q ¬Q
T T T T/T T/T T/F
T T F T/F
T F T T/T F/T
T F F T/F
F T T F/T
F T F F/F T/T F/F
F F T F/T
F F F F/F F/F F/T

So the answer is: Patricia is a knave, Quinn is a knight, and Roberta is a knave.

(2) By using truth tables prove that, for all statements P and Q, the statement ‘P⇒ Q’ and ‘(not Q)⇒
(not P)’ are equivalent.

Solution: By definition of logically equivalent of two statements, we just need to show that P ⇒ Q
and (¬Q)⇒ (¬P ) have the same truth table.

P Q P⇒ Q (¬Q)⇒ (¬P )
T T T T
T F F F
F T T T
F F T T

(3) Prove that for all real numbers a, b and c,

bc + ac + ab ≤ a2 + b2 + c2.

Solution: For real numbers a, b and c, we have (a− b)2, (a− c)2, (b− c)2 ≥ 0. So

(a− b)2 + (a− c)2 + (b− c)2 ≥ 0.

Since (a− b)2 + (a− c)2 + (b− c)2 = (a2− 2ab + b2) + (a2− 2ac + c2) + (b2− 2bc + c2) = 2(a2 + b2 +
c2)− 2(ab + ac + bc) ≥ 0, we have 2(a2 + b2 + c2) ≥ 2(ab + ac + bc). Thus bc + ac + ab ≤ a2 + b2 + c2.

(4) Prove that for all real numbers a and b,

|a| < |b| ⇒ a2 ≤ b2.
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Solution: Let c = |a|, d = |b|. Then both c and d are non-negative real numbers, c < d, and
c2 = a2, d2 = b2. From c < d, by multiply both sides by c, we have c2 < cd (if c > 0) or c2 = cd (if
c = 0). So c2 ≤ cd. On the other hand, from c < d by multiply both sides by d, we have cd < d2.
Therefore, c2 ≤ cd < d2, we have c2 < d2, which implies that c2 ≤ d2.

(5) Prove that in a graph the number of vertices with odd degrees is even.

Solution: Suppose by contradiction that a graph has odd number of vertices with odd degrees.
Then the sum of odd degrees is odd. We also know that the sum of even degrees is even. Since the
sum of degrees is the sum of odd degrees and the sum of even degrees, the sum of all degrees is odd.
This is a contradiction to the fact that the degree sum of any graph is even.
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