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Definition of Determinant

@ Recall that a 2 X 2 matrix A = j_ 3] is invertible if and only if its

determinant det(A) = ad — bc is non-zero.
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Definition of Determinant

@ Recall that a 2 X 2 matrix A = is invertible if and only if its

determinant det(A) = ad — bc is non-zero.

@ We now study the determinant for general n x n matrices, and hope
to use it to determine whether the matrices are invertible.
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Definition of Determinant

3] is invertible if and only if its

determinant det(A) = ad — bc is non-zero.

@ Recall that a 2 x 2 matrix A = [i

@ We now study the determinant for general n x n matrices, and hope
to use it to determine whether the matrices are invertible.

@ Let's take a look at the 2 x 2 matrix:

ab_)a b_)a b
c d ac ad 0 ad — bc

where ad — bc is the determinant of the matrix.
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@ So 3 x 3 matrix:

al a1 ai3
411421 di11a22 ai1az23
| 911831 411432 411433
a1 a2 ai3

0 d11da22 — a12d21 411423 — 413421
0 allA

A = aj1aas3+a12a23331+a13321332—311323332— 312321333 — 313322331

—_—

—
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@ So 3 x 3 matrix:

d11 412 413 al a1 a13
a1 a2 a3 — (ai11d21 4di11d22 ai1a3
431 432 4as3 | 911831 411432 411433
a1 a2 ai3
— | 0 ai1ax — apary aiiaxs — aizan
| 0 0 ETRPAY
where

A = aj1aas3+a12a23331+a13321332—311323332— 312321333 — 313322331

o If Ais invertible, then A must be nonzero. We will see that the
converse is also true.
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@ So 3 x 3 matrix:

d11 412 413 al a1 a13
a1 a2 a3 — (ai11d21 4di11d22 ai1a3
431 432 4as3 | 911831 411432 411433
a1 a2 ai3
— | 0 ai1ax — apary aiiaxs — aizan
| 0 0 ETRPAY
where

A = aj1aas3+a12a23331+a13321332—311323332— 312321333 — 313322331

o If Ais invertible, then A must be nonzero. We will see that the
converse is also true.

@ We call the A to be the determinant of the 3 x 3 matrix A.
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@ We could group the terms in A and get that

a a a a a a
A = ay7 det 2 B ai» det 2 2 + ajz det 2 22
d32 d33 a31 433 a3l 432
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@ We could group the terms in A and get that

a a a a a a
A = ay7 det 2 B ai» det 2 2 + ajz det 2 22
d32 d33 a31 433 a3l 432

o If we use Aj; to denote the matrix obtained from matrix A by deleting
the i-th row and j-th column of A, then A can be written as

A = a11det Aj; — ajo det Ajp + ajzdet Ags
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@ We could group the terms in A and get that

a a a a a a
A = ay7 det 2 B ai» det 2 2 + ajz det 2 22
d32 d33 a31 433 a3l 432

o If we use Aj; to denote the matrix obtained from matrix A by deleting
the i-th row and j-th column of A, then A can be written as

A = a11det Aj; — ajo det Ajp + ajzdet Ags

@ This will help us to give the definition of determinant of n x n
matrices.
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We could group the terms in A and get that

a a a a a a
A = ay7 det 2 B ai» det 2 2 + ajz det 2 22
d32 d33 a31 433 a3l 432

If we use Aj; to denote the matrix obtained from matrix A by deleting
the i-th row and j-th column of A, then A can be written as

A = a11det Aj; — ajo det Ajp + ajzdet Ags

This will help us to give the definition of determinant of n x n
matrices.

Definition: For n > 2, the determinant of an n x n matrix A = [ajj] is

det(A) = a1 det(All)—alg det(A12)+313 det(A13)+. . .+(—1)n+131n det(
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We could group the terms in A and get that

a a a a a a
A = ay7 det 2 B ai» det 2 2 + ajz det 2 22
432  ds3 da31  a33 a31  das2

If we use Aj; to denote the matrix obtained from matrix A by deleting
the i-th row and j-th column of A, then A can be written as

A = a11det Aj; — ajo det Ajp + ajzdet Ags

This will help us to give the definition of determinant of n x n
matrices.

Definition: For n > 2, the determinant of an n x n matrix A = [ajj] is
det(A) = a1 det(All)—alg det(A12)+313 det(A13)+. . .+(—1)n+131n det(

instead of det(A), sometimes we also use |A| to denote the
determinant of A.
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1 5 0
@ Ex1: compute the determinant of Ay = (2 4 -1
0 -2 0
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O3
@ Ex1: compute the determinant of Ay = |2 4 —1|.
0 -2 0

o Soln: det(A) =(Ij0 - 2) ~(J0 - 0) + (04 — 0) = 2.
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3 -7 8 9 -6
0o 2 -5 7 3
@ Ex2: compute the determinant of Ao, = [0 0 1 5 0
0O 0 0 4 -1
0O 0 0 -2 0
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1
@ Ex1: compute the determinant of Ay = |2 4 —1|.
0

@ Soln: det(A;) =1(0—2) —5(0 — 0) + 0(—4 — 0) = —2.

3 -7 8 9 -6
0o 2 -5 7 3
@ Ex2: compute the determinant of Ao, = [0 0 1 5 0
0O 0 0 4 -1
0O 0 0 -2 0

Soln: it is complicated....
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1
@ Ex1: compute the determinant of Ay = |2 4 —1|.
0

@ Soln: det(A;) =1(0—2) —5(0 — 0) + 0(—4 — 0) = —2.

3/1-7 8 9 —6
of 2 -5 7 3
@ Ex2: compute the determinant of A, = [0| O 1 5 0
ol 0o 0o 4 -1
0] 0o 0 -2 0
@ Soln: it is complicated....
e BUT it should not be, as if you look at the first column instead of
first row....
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Another definition

e Given A = [ajj], the (i, j)-cofactor of A is the number Cj given by

Cy = (1) det(4;)
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Another definition

e Given A = [ajj], the (i, j)-cofactor of A is the number Cj given by
Cj = (~1)"* det(47)

@ Theorem 1: the determinant of an n x n matrix A can be computed
by a cofactor expansion across any row or any column. So

det(A) =an1Ch1+ anpCo+...4+ainChn

and
det(A) = ale,-J- + angzj +...+ a,,jC,,J-
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@ So in the previous example

o 1 5 o L5 0
det(Az) = 3det =3.2-det| 0 4 -1

0 0 4 -1 0_2 0

0 0 -2 0
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@ So in the previous example

o1 5 o 15 0
det(Az) = 3det 0 0 4 -1 =3.2-det| 0 4 -1
0 0 -2 0 0-20
—3~2-1-det[_2 _01]_3-2-1-(4.0—(—1) (=2)) = —1

@ Theorem 2: if Ais a triangular matrix, then det(A) is the product of
the entries on the main diagonal of A.

qa

a‘q X {

1 -— . I~ .:aa~~'a

M .. ,d(atnan ~« . "

O ' a 4 "Q

Gexin Yu gyu@um.edu Section 3.1 Introduction to Determinants



@ So in the previous example

o1 5 o 15 0
det(Az) = 3det 0 0 4 -1 =3.2-det| 0 4 -1
0 0 -2 0 0-20
—3~2-1-det[_2 _01]_3-2-1-(4.0—(—1) (=2)) = —1

@ Theorem 2: if Ais a triangular matrix, then det(A) is the product of
the entries on the main diagonal of A.

@ When we use row operations on a matrix, how does the determinant
change? Note that we can always reduce it to a triangular matrix,
which is easy to find its determinant.
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Row operations

@ Theorem 3: Let A be a square matrix
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Row operations

@ Theorem 3: Let A be a square matrix

@ if B is obtained from A by replacement (a multiple of one row is added
to another row), then det(B) = det(A).
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Row operations

@ Theorem 3: Let A be a square matrix
@ if B is obtained from A by replacement (a multiple of one row is added
to another row), then det(B) = det(A).
@ if B is obtained from A by row interchange, then det(B) = — det(A).
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Row operations

@ Theorem 3: Let A be a square matrix

@ if B is obtained from A by replacement (a multiple of one row is added
to another row), then det(B) = det(A).
@ if B is obtained from A by row interchange, then det(B) = — det(A).
© if B is obtained from A by multiplying a row by k, then
det(B) = kdet(A).
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Row operations

@ Theorem 3: Let A be a square matrix

@ if B is obtained from A by replacement (a multiple of one row is added
to another row), then det(B) = det(A).

@ if B is obtained from A by row interchange, then det(B) = — det(A).
© if B is obtained from A by multiplying a row by k, then

det(B) = kdet(A MA ( B>

@ This theorem provides an efficient way to compute the determinant of
a matrix.
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1 -4 2
Ex3: Compute det(A), where A= |-2 8 —9|.
-1 7 0
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Ex3: Compute det(A), where A = —2 ]
1 —4 2 1 -4 2

e Soltion: |[A|=|0 0 -— —10 3 2 |=—(1)3)(-5)=15
0 3 2 0 0 -5
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1 -4 2
Ex3: Compute det(A), where A= |-2 8 —9|.
-1 7 0
1 -4 2 1 -4 2
e Soltion: |[Al=10 0 —-5{=—]|0 3 2 |=—(1)(3)(-5)=15
0o 3 2 0 0 -5
2 -8 6 8
3 -9 5 10
Ex4: Compute det(A), where A = 30 1 -9
1 -4 0 6

Gexin Yu gyu@um.edu Section 3.1 Introduction to Determinants



1 -4 2
Ex3: Compute det(A), where A= |-2 8 —9|.
-1 7 0
1 -4 2 1 -4 2
e Soltion: [A|=10 0 —-5/=—10 3 2|=—(1)33)(-5)=15
o 3 2 0 0 -5
2 -8 6 38
_ |3 -9 5 10
Ex4: Compute det(A), where A = 30 1 -9
1 -4 0 6
@ Solution:
1 4 3 4 1 -4 3 4
3 -9 5 10 0 3 —4 2
1 -4 0 6 0 0 0 1
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Invertible matrix and determinant

@ Suppose that a square matrix A has been reduced to an echelon form
U by row replacements and r row interchanges, then
det(A) = (—1)"det(V).
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Invertible matrix and determinant

@ Suppose that a square matrix A has been reduced to an echelon form
U by row replacements and r row interchanges, then
det(A) = (—1)"det(V).

@ As U is in echelon form, it is triangular, and so det(U) is the product
of the diagonal entries w11, o, ..., Upp.
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Invertible matrix and determinant

@ Suppose that a square matrix A has been reduced to an echelon form
U by row replacements and r row interchanges, then
det(A) = (—1)"det(V).

@ As U is in echelon form, it is triangular, and so det(U) is the product
of the diagonal entries w11, o, ..., Upp.

@ If Ais invertible, then the entries u;; are all pivots , and if A is not
invertible, then at least u,, = 0.
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Invertible matrix and determinant

@ Suppose that a square matrix A has been reduced to an echelon form
U by row replacements and r row interchanges, then
det(A) = (—1)"det(V).

@ As U is in echelon form, it is triangular, and so det(U) is the product
of the diagonal entries w11, o, ..., Upp.

@ If Ais invertible, then the entries u;; are all pivots , and if A is not
invertible, then at least u,, = 0.

@ So we have the following

(—=1)"( product of pivots in U), when A is invertible

det(A) = {

0 when A is not invertible
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Invertible matrix and determinant

@ Suppose that a square matrix A has been reduced to an echelon form
U by row replacements and r row interchanges, then
det(A) = (—1)"det(V).

@ As U is in echelon form, it is triangular, and so det(U) is the product
of the diagonal entries w11, o, ..., Upp.

@ If Ais invertible, then the entries u;; are all pivots , and if A is not
invertible, then at least u,, = 0.

@ So we have the following

(—=1)"( product of pivots in U), when A is invertible

0 when A is not invertible

det(A) = {

@ Thoerem 4: A square matrix is invertible if and only if det(A) # 0.

Gexin Yu gyu@wm.edu Section 3.1 Introduction to Determinants



Column operations

@ Theorem 5: If Ais an n x n matrix, then det(A”) = det(A).
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Determinant and matrix products

@ Theorem 6: If A and B are n X n matrices, then

det(AB) = (det(A))(det(B))
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Determinant and matrix products

@ Theorem 6: If A and B are n X n matrices, then

det(AB) = (det(A))(det(B))

Ex: Compute det(A3) if det(A) = 5.
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Determinant and matrix products

@ Theorem 6: If A and B are n X n matrices, then

det(AB) = (det(A))(det(B))

Ex: Compute det(A3) if det(A) = 5.

Soln: det(A3%) = (det(A))? = 53 = 125.
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Determinant and matrix products

@ Theorem 6: If A and B are n X n matrices, then

det(AB) = (det(A))(det(B))

Ex: Compute det(A3) if det(A) = 5.
Soln: det(A3%) = (det(A))? = 53 = 125.

Ex: For n x n matrices A and B, show that A is singular if det(B) # 0
and det(AB) = 0.
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Determinant and matrix products

@ Theorem 6: If A and B are n X n matrices, then

det(AB) = (det(A))(det(B))

Ex: Compute det(A3) if det(A) = 5.
Soln: det(A3%) = (det(A))? = 53 = 125.

Ex: For n x n matrices A and B, show that A is singular if det(B) # 0
and det(AB) = 0.

Soln: As det(AB) = (det(A))(det(B)) = 0, det(A) = 0 or det(B) = 0.
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Determinant and matrix products

@ Theorem 6: If A and B are n X n matrices, then

det(AB) = (det(A))(det(B))

Ex: Compute det(A3) if det(A) = 5.
Soln: det(A3%) = (det(A))? = 53 = 125.

Ex: For n x n matrices A and B, show that A is singular if det(B) # 0
Adiiadniak -ty
and det(AB) = 0. e A ¢S st Gwﬁku& '

Soln: As det(AB) = (det(A))(det(B)) = 0, det(A) = 0 or det(B) = 0.

@ Since det(B) # 0, det(A) = 0. That is, A is singular.
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