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Abstract

The strong chromatic index of a graph G, denoted by X% (G), is the least number of colors
needed to edge-color G properly so that every path of length 3 uses three different colors. In

this paper, we prove that if G is a graph with A(G) = 4 and maximum average degree less than

% (resp.%, 1—58, %, %), then x.(G) < 16 (resp.17, 18, 19, 20), which improves the results of

Bensmail, Bonamy, and Hocquard (2015).

1 Introduction

A strong edge-coloring of a graph G is a proper edge-coloring of G such that the edges of any path
of length 3 use three different colors. It follows that each color class of a strong edge-coloring is
an induced matching. The strong chromatic index of a graph G, denoted by x%.(G), is the smallest
integer k such that G can be strongly edge-colored with k colors. The concept of strong edge-
coloring was introduced by Fouquet and Jolivet in [8,/9] and can be used to model conflict-free
channel assignment in radio networks in [164|17].

In 1985, Erdés and Nesetiil proposed the following interesting conjecture.

Conjecture 1.1 ( [7]) For a graph G with mazimum degree A,

5 A2 if A i :
V(G) < 2N, if A is even;
%(5A2 —2A+1), if A is odd.

When A < 3, Conjecture has been verified by Andersen [1], and independently by Horék,
Qing, and Trotter [13]. When A is sufficiently large, Molloy and Reed in |15] proved that x%(G) <
1.998A(G)?, using probabilistic techniques. This bound is improved to 1.93A% by Bruhn and
Joos [3], and very recently, is further improved to 1.835A2 by Bonamy, Perrett, and Postle [4].

The maximum average degree of a graph G, mad(G), is defined to be the maximum average
degree over all subgraphs of G. Hocquard et al. |11,/12] and DeOrsey et al. [6] studied the strong
chromatic index of subcubic graphs with bounded maximum average degree.

We study graphs with maximum degree 4, which are conjectured to be colorable with at most
20 colors in Conjecture Cranston [5] showed that 22 colours suffice, which is improved to
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21 colours very recently by Huang, Santana and the third author [14]. However, it is still not
clear if 20 colours suffice even if the minimum degree of such graphs is 3. Bensmail, Bonamy, and
Hocquard [2] studied the strong chromic index of graphs with maximum degree four and bounded
maximum average degrees.

Theorem 1.2 (Bensmail Bonamy, and Hocquard [2]) For every graph G with A = 4,

(1) If mad(G) < 3, then x4(G) <1
(2) If mad(G) < 22, then .(G) < 17.
(3) If mad(G) < 1, then v,(G) < 18.
(4) If mad(G) < 73, then x(G) < 19.
(5) If mad(G) < 7, then x4(G) < 2

In this paper, we improve the results from [2] as follows.

Theorem 1.3 For every graph G with A = 4, each of the following holds.
(1) If mad(G) < 5%, then x,(G) < 16.
(2) If mad(G) < %, then x4(G) < 17.
< 8 then x4(G) < 18.
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From the proof of Theorem (5), we obtain the following corollary, which implies Conjec-
ture is true in some spacial cases.

Corollary 1.4 For every graph G with A = 4, if there are two 3-vertices whose distance is at most
4, then x4(G) < 20.

We end this section with notation and terminology. Let G = (V(G), E(G)) be a graph with
vertex set V(@) and edge set E(G), and let dg(v) denote the degree of a vertex v in a graph G.
We use V', E and d(v) for V(G), E(G) and dg(v), respectively, if it is understood from the context.
Denote by d(u, v) the distance between vertices u and v of G. A vertex is a k-vertex (k™ -vertex) if it
is of degree k (at most k). Similarly, a neighbor of a vertex v is a k-neighbor of v if it is of degree k.
A 4-vertex is special if it is adjacent to a 2-vertex. A 3-vertex is a 3j-vertez if it is adjacent to k 3-
vertices, where k = 0,1,2. A 4j-vertexis a 4-vertex adjacent to exactly k 3-vertices. Denote by N (v)
the neighborhood of the vertex v, let N;(v) = {u € V(G) : d(u,v) =i} for ¢ > 1. For simplicity,
No(v) = {v} and N;i(v) = N(v). Let L;(v) = U;ZONJ(U) and D3(G) = {v € V(G) : d(v) = 3}. For
a graph G = (V. FE) and E' C E, G has a partial edge-coloring if G[E'] has a strong edge-coloring,
where G[E'] is the graph with vertex set V' and edge set F'.

In the proof of Theorem the well known result of Hall [10] is applied in terms of systems of
distinct representatives.

Theorem 1.5 ( [10]) Let Ay,..., A, be n subsets of a set U. A system of distinct representa-
tives of {A1,...,An} exists if and only if for all k,1 < k < n and every subcollection of size k,
{Ai,..., Ai, }, we have |[A;; U...UA; | > k.



2 Proof of Theorem [1.3l

Let H be a counterexample to Theorem [L.3| with |V (H)| + |E(H )| minimized. That is, for some
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(k) € (55,16, (5.17), (518, (5,19), (55,200}

we have mad(H) < m and x,(H) > k.

By the minimality of H, x4(H —e) < k for each e € E(H), and we may assume that H is
connected. Denote by [k] = {1,2,...,k} the set of colors. If e = wv is an uncolored edge in a
partial coloring of H, then let Ly (e) be the set of colors that is used on the edges incident to a
vertex in Ny (u) U Ng(v), and let L'y (e) = [k] \ Lu(e). We write L(e) and L'(e) for Lg(e) and
L' (e), respectively, if it is clear from the context. We now establish some properties of H.

Lemma 2.1 Let x be a vertex of H with d(z) = d. If the edges incident to x can be ordered as
Y1, TY2, - - ., XYq Such that in a partial k-coloring of H—x, |L(zy;)| < k—1, then the partial coloring
can be extended to H. In particular,

(a) There is no 1-vertex in H, an if k > 17, then there is no 2-vertex in H.
(b) Each 2-vertex x in H has two 4-neighbors, each of which is adjacent to three 4-vertices.

(¢c) If d(x) = 3 and k > 16,17,19, then = is adjacent to at least one, two, and three 4-vertices,
respectively.

(d) If d(x) = 4 and if k > 18,19,20, then = is adjacent to at most three, two and one 3-vertices,
respectively.

Proof. We color zyg4, yq41, - - ., xy1 in order and obtain a strong-edge coloring of H. For the “in
particular” part, let x be d(z) = d and the neighbors of = are y1,y2,...,yq with d(y1) > d(y2) <
... >d(yq). Then in each case, H — x has a strong k-edge-coloring.

(a) When d(x) = 1, |L(zy)] > k — 12 > 4, so zy can be colored. When d(z) = 2, then
|L(zy1)|, |L(zy2)| > k — 15 > 2 if k > 17, so there is no 2-vertex if k > 17.

(b) As d(x) = 2, |L(zy1)|, |L(zy2)| > k — 15 > 1, with |L(zy1)| = |L(xy2)| = 1 only if both y;
and yo are 4-vertices and adjacent to three 4-neighbors. So if y; or 72 is not a 4-vertex or one of
them is not adjacent to three 4-neighbors, we can color xy; and xys.

(c) Note that d(z) = 3 and d(y1) > d(y2) > d(ys3). If x has three 3-neighbors and k > 16,
then |L(zy;)| < 12 < k — 4; if = has two 3-neighbors and k£ > 17, then |L(zy;)| < 16 < k — 1 and
|L(zy2)|, |L(zys)| < 13 < k —4; if  has one 3-neighbors and k& > 19, then |L(zy1)|, |L(zy2)| < 17 <
k—2 and |L(zys)| < 14 < k—5. So by the main statement, the coloring of H — z can be extended
to H in each of the cases.

(d) Note that d(x) = 4 and d(y1) > d(y2) > d(y3) > d(xys). If x has four 3-neighbors and
k> 18, then |L(zy;)| < 14 < k—4; if x has three 3-neighbors and k > 19, then |L(zy;)| < 18 < k—1
and |L(zy;)| < 15 < k—4 for i € {2,3,4}. So by the main statement, the coloring of H — = can
be extended to H in each of the cases. When k > 20 and z has two 3-neighbors, we uncolor y4w,
where w # x is a neighbor of y4. Then |L'(zy1)|, |L'(zy1)| > 2 and |L'(xys)|, |L'(zys)| > 5 and
|L' (yqw)| > 4. So we can color zyi, Y2, ysw, Tys, xys in the order and obtain a coloring of H. M

Let the initial charge of x € V(H) be w(z) = d(x) — m. It follows from the hypothesis that
erV( H) w(x) < 0. We redistribute the weights using the following discharging rules:
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(R1) When k = 16, each 4-vertex v gives 4 — m to its unique 2-neighbor if it has one. Otherwise,
it gives w to the 2-vertices in Lo(v). It gives m — 3 to each 39-neighbor, mT_i)’ to each
31-neighbor, and mTf?’ to each 3p-neighbor.

(R2) When k > 17, each 4-vertex u gives 47Tm to each of the [ 3-vertices in L;11(u) N D3(G) when
L;(u) N D3(G) is empty, where i > 0.

For each vertex z € V(H), let w*(x) be the final weight of = after the discharging process. If
each vertex € V(H) has w*(x) > 0, then

0< Z wH(z) = Z w(z) < 0.

zeV (H) zeV (H)

This is a contradiction. So there must be some vertex, say zo € V(H), with w*(z¢) < 0.
Lemma 2.2 If k > 17, then zq is a S-verter. If k = 16, then xq is a 4-vertex.

Proof. If k > 17, then there is no 2-vertex by Lemma [2.1] (a). By (R2), w*(z) = 0 if d(z) = 4. So,
g is a 3-vertex.

Let k = 16. By Lemmas[2.1](a) and (b), each 2-vertex z is adjacent to two 4-vertices in N (x)
and adjacent to six 4-vertices in No(z)\N(z). By (R1), w*(z) = 2— % +2(4—%1)+6-(3-5 —10)/6 =
0. Assume that zo is a 3-vertex. If zg is a 3p-vertex, by (R1), w(zg) =3 -8 +58% -3 =0, a
contradiction; if zg is a 31-vertex, then by (R1), w(zg) = 3— 51 +2- (% —3)/2 = 0, a contradiction;
if z is a 3p-vertex, then by (R1) w(xg) =3 — % +3- (% —3)/3 =0, a contradiction; Thus, zg is
not a 3-vertex. So, xq is a 4-vertex. Il
2.1 Case 1: (m, k) = (%,16)

Lemma 2.3 If v is a 32-vertex, then its 4-neighbor is adjacent to three j-vertices.

Proof. Suppose to the contrary that a 3-vertex v is adjacent to two 3-vertices v and w and a
4-vertex t that is adjacent to a 3-vertex t;. By the minimality of H, H' = H — v has a strong
edge-coloring with at most sixteen colors. Observe that |L'(uv)| > 3, |L'(vw)| > 3 and |L'(vt)| > 1.
Thus, we color vt, uv and vw in turn to obtain a strong edge-coloring of H, a contradiction. ll

Figure 1: A 4-vertex v adjacent to four 3-vertices

Lemma 2.4 A 44-vertex v is adjacent to at most one 31-vertex.

Proof. Suppose otherwise that there exists a 44-vertex v adjacent to two 3;-vertices w and u. Let
d(ui) = d(wy) = 3. We use notations in Figure 1. By the minimality of H, H' = H — v has a
strong edge-coloring with at most 16 colors.



We claim that w; # uj. For otherwise, |L'(uv)| > 4, |L'(vw)| > 4, |L'(vp)| > 2 and |L'(vt)| > 2.
Thus, we color vt, vp, vw and vu in turn to obtain a strong edge-coloring of H, a contradiction.

We also claim that ujw, ¢ E(H). Suppose otherwise. We uncolor edges uu; and ww;. Then
|L (wv)| > 5, |L'(vw)| > 5, |L'(vt)| > 4, |L'(vp)| > 4, |L'(uuy)| > 6, |L'(wwy)| > 6. Then we color
edges vt, vp, vw, uv, uuy and wwi in turn to obtain a strong edge-coloring of H, a contradiction.

Now, we uncolor edges uu; and wwy. Then |L'(uv)| > 5, |L'(vw)| > 5, |L'(vt)| > 4, |L'(vp)| > 4,
|L (uuq)| > 4, |L'(wwy)| > 4. If L' (uuq) N L' (wwy) # 0, then we color edges uui, ww; with a same
color and then color vt, vp, vw and wv in turn. If L'(uuy) L (wwy) = 0, then | L' (uuy ) UL (wwq)| >
8. Let T = {uv,vw, vt, vp, uuy, wws }, for any S C T, we have |Ugeg L*(e)| > |S|. By Theorem [1.5]
we can assign a distinct color to each uncolored edge. Thus, we obtain a strong edge-coloring of
H, a contradiction. H
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Figure 2: The distance between two 2-vertices v and u is 3

Lemma 2.5 The distance between two 2-vertices is at least 4.

Proof. By Lemma (b), the distance between every two 2-vertices is at least 3. Suppose
otherwise that there exist two 2-vertices v and v with d(u,v) = 3. We shall use the notations in
Figure 2. By the minimality of H, H' = H — {v, u} has a strong edge-coloring with at most sixteen
colors. One can observe that |L'(wv)| > 1, |L'(vx)| > 2, |L'(ut)| > 1, |L'(yu)| > 2.

We first claim that |L'(vz)| = |L'(uy)| = 2. By symmetry, suppose otherwise that |L'(vax)| > 3.
In this case, we can color wv, ut, uy and vz in turn and we obtain a desired strong edge-coloring
with sixteen colors, a contradiction.

Next, we claim that |L'(wv)| = |L'(ut)| = 1. By symmetry, suppose otherwise that |L'(wv)| > 2.
Thus, we can color ut, uy, vx and wv in turn and we obtain a desired strong edge-coloring with
sixteen colors, a contradiction.

Finally, we claim that L'(wv) C L'(vx) and L'(ut) C L'(uy). By symmetry, suppose otherwise
that if L'(wv) ¢ L'(vz). In this case, we can color ut, uy, vx and wv in turn and we obtain a
desired strong edge-coloring with sixteen colors, a contradiction.

We distinguish the following two cases:

Case 1. L'(vz) # L' (uy).

If L'(vax) N L' (uy) = 0, then we can color vw, ut, vz and uy in turn and we obtain a desired
strong edge-coloring with sixteen colors, a contradiction.

Thus, we assume that L'(va) N L'(uy) # 0. Since L'(vx) # L'(uy), we assume, without loss of
generality, that L'(vz) = {1,2} and L'(uy) = {1,3}. If L'(wv) = L'(ut) = {1}, we can color wv
and ut with 1, and color vx and uy with 2 and 3, respectively. It follows that we obtain a desired
strong edge-coloring with sixteen colors, a contradiction. So, we assume that L'(wv) # L'(ut).
By symmetry we may assume that either L'(wv) = {1} and L'(ut) = {3} or L'(wv) = {2} and



L'(ut) = {3}. In the former case, we can color wv and yu with 1, and color vz and ut with 2 and
3, respectively. So, we obtain a desired strong edge-coloring with sixteen colors, a contradiction.

In the latter case, we assume, without loss of generality, that c¢(zy) = 4. Note that 4 ¢
{c(wwn), c(wws), c(wws), c(wiwy), c(wrws), c(wiwg), c(wawr), c(wawsg), c(wawyg), c(wswig), c(wswiy),
c(wzwi2)}, for otherwise we obtain |L'(wv)| > 2, contrary to our claim that |L'(wv)| = 1. Similarly,
4 §é {C(ttl), C(ttz), C(ttg), C(t1t4), C(t1t5), C(tltﬁ), C(t2t7), C(tgtg), C(tth), C(tgtlo), C(tgtn), C(tgtlg)}. Since
L'(vx) = {1,2} and L'(uy) = {1,3}, 1 ¢ {c(xx1), c(xx2), c(123), c(x124), c(2125), c(x226), c(T227),
c(z2ws), c(yyr), c(yyz2), c(y1ys), c(y1ya), c(y1ys), c(y2y6), c(y2y7), c(y2ys)}. Thus, we can recolor zy
with 1 and color wv, ut with the same color 4, color vx, yu with with 2 and 3, respectively, and
we obtain a desired strong edge-coloring with sixteen colors, a contradiction.

Case 2. L'(vz) = L'(uy).

In this case, we assume, without loss of generality, that L'(vz) = L'(uy) = {1,2}. By symmetry,
we assume that either L'(wv) = {1} and L'(ut) = {2} or L'(wv) = L'(ut) = {1}. In the former
case, we can color wv, uy with the same color 1 and color vz, ut with the same color 2. So, we
obtain a desired strong edge-coloring with sixteen colors, a contradiction.

In the latter case, we assume, without loss of generality, that c(zy) = 3. Note that 3 ¢
{c(wwn), c(wws), c(wws), c(wiwy), c(wrws), c(wiwe), c(waws), c(wawsg), c(wawy), c(wswig), c(wswiy),
c(wzwiz)}, for otherwise, we obtain that |L'(wv)| > 2, contrary to our claim that |L'(wv)| = 1. Sim-
ilarly, 3 ¢ {C(ttl), C(ttg), C(ttg), C(t1t4), C(t1t5), C(tltﬁ), C(t2t7), C(tgts), C(tztg), C(tgtl(]), C(t3t11), C(t3t12)}.
Since L' (va) = {1,2} = L'(uy) = {1,2}, 2 ¢ {c(zz1), c(zx2), c(x123), c(x124), c(2125), c(x26),
c(2w7), c(2x8), c(yy1), c(yy2), c(y1y3), c(y1ys), c(y1Y5), c(y296), c(y2y7), c(y2ys)}. Thus, we can re-
color xy with 2 and color both wv and wy with 3, color both vx and ut with 1. Therefore, we
obtain a desired strong edge-coloring with sixteen colors, a contradiction. Hl

Consider the final charge of z¢p. By Lemma xg is a 4-vertex.

If 2 is adjacent to a 2-vertex, then by Lemma (b), the other three neighbors are all 4-
vertices. By (R1), w*(xzg) >4 — % —(4- %) = 0, a contradiction. Thus, z¢ has no 2-neighbor. By
Lemma each 4-neighbor of z( (if any) is adjacent to at most one 2-vertex.

If zo is adjacent to a 3s-vertex, then by Lemmal[2.3] the other three neighbors are 4-vertices. By
(R1), w*(z0) > 4—%— (8 -3)—3:(3-8.-10) /6 = 2= > 0, a contradiction. Thus, z is not adjacent to
any 3o-neighbor. Assume that xg is adjacent to a 3;-vertex. If xg is a 44-vertex, then by Lemma
x¢ is adjacent to at most one 3;-vertex. By (R1), w*(zo) > 4— % — (8 -3)/2-3-(%4-3)/3 = - > 0.

18 \1
If xg is not a 44-vertex, then by (R1), w*(zg) > 4 — % —8 : (% —-3)/2—-(3- % —10)/6 =
(61— 18- %)/6 = 0, a contradiction. Thus, x( is adjacent to only 3g-neighbors or 4-vertices. By
(R1), w*(zo) >4 — S —4- (88 —3)/3 = (24 —7-81)/3 > 0, contrary to the assumption that
w*(zg) < 0.

2.2 Case 2: (m,k)=(7/2,17)

Lemma 2.6 H does not contain the following three configurations:
(1) A 31-vertex v adjacent to a 4s-vertex u (see Figure 3).
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Figure 3: A 3;-vertex v adjacent to a 43-vertex u

(2) A 3p-vertex v adjacent to two 44-vertices u, w and one 4z-vertex t (see Figure 4).
(3) A 3p-vertex v adjacent to one 44-vertex u and two 4s-vertices w, t (see Figure 5).

Proof. (1) Suppose otherwise that there exists a 3j-vertex v that is adjacent to a 43-vertex u.
Let ¢, u; and ug be 3-vertices and let w and wus be 4-vertices. we use the notations in Figure 3.
By minimality of H, H = H — {u,v} has a strong edge-coloring with at most seventeen colors.
Observe that |L'(uv)| > 5, |L' (vw)| > 3, |L'(vt)| > 6, |L' (vuq)| > 4, |L'(uuz)| > 4 and | L' (uus)| > 1.
Thus, we color uus, vw, uuy, wue,uv and vt in turn and obtain a desired strong edge-coloring with
seventeen colors, a contradiction.

u, Us 2 w, Wy
t
X, 4 [1 t t3 tg 7,
xl t5 I’i
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XN\ U, u v w 2 r
Y
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3 1/1/3 Sl :
Vo N 2
Us U, W w,

Figure 4: A 3g-vertex v adjacent to two 44-vertices and one 43-vertex

(2) Suppose otherwise that there exists a 3p-vertex v adjacent to two 44-vertices u, w and one
43-vertex t. We shall use the notations Figure 4. Let H' = H — {v}. By the minimality of H, H'
has a strong edge-coloring with at most seventeen colors. Observe that |L'(uv)| > 2, |L'(vw)| > 2,
|L'(vt)| > 1. Note that there are 3 uncolored edges. If we can assign a distinct color to uncolored
edge, then we obtain a desired strong edge-coloring with seventeen colors, a contradiction.

Thus, assume that we cannot assign three distinct colors to these three uncolored edges. By
Theorem L'(vt) C L'(uv) = L'(vw) and |L'(uv)| = 2. Without loss of generality, we consider
the following two cases.

Case 1. L'(vt) = {1}, L'(uv) = L' (vw) = {1, 2}.

Since L'(vt) = {1}, c(ttr), c(tta), c(tts), c(uuq), c(uusz), c(uus), c(ww ), c(wws) and c(wws) are
distinct. Suppose otherwise. We obtain |L'(uv)| > 3, |L'(vw)| > 3, |L'(vt)| > 2. In this case,
we can color vt,uv and vw and obtain a desired strong edge-coloring with seventeen colors, a
contradiction. Thus, since L' (vt) = {1} and L' (uv) = L'(vw) = {1, 2}, we may assume, without loss
of generality, that c(tt1) = 3, c(tta) = 4, c(tt3) = 5, c(uur) = 6, c(uuz) =7, c(uuz) = 8, c(wwy) =9,
c(wwy) = 10, c(wws) = 11, c(tity) = 12, c(tits) = 13, c(tite) = 14, c(taty) = 15, c(tats) = 16,
c(tstg) = 17, c(tstio) = 2, c(urua) = 12, c(ujus) = 13, c(ugzr) = 14, c(ugy) = 15, c(usug) = 16,



c(uzur) = 17, c(wiws) = 12, c(wiws) = 13, c(war) = 14, c(was) = 15, c(wswg) = 16, c(wswy) =
17. This implies that {c(zz1), c(zx2), c(xzxs), c(yy1), c(yy2), c(yys)} = {3,4,5,9,10,11}. Suppose
otherwise. We can pick a color € {3,4,5,9,10, 11} \ {c(zz1), c(zx2), c(xx3), c(yy1), c(yyz), c(yys)},
recolor uug with o and then we can color wv with 7, vw with 2, vt with 1. So, we obtain a
desired strong edge-coloring with seventeen colors, a contradiction. Similarly, we can prove that
{c(rr1), e(rre), c(rrs), c(ss1), c(ss2), c(ss3)} = {3,4,5,6,7,8}. Therefore, we can recolor both uug
and wws with 2, then color wv with 7, vw with 10, vt with 1. Thus, we obtain a desired strong
edge-coloring with seventeen colors, a contradiction.

Case 2. L'(vt) = L'(uwv) = L' (vw) = {1,2}.

Since L'(vt) = L'(uv) = L' (vw) = {1,2}, c(tt1), c(tta), c(tts), c(uuy), c(uug), c(uus), c(ww ),
c(wwsy) and c(wws) are distinct. We assume, without loss of generality, that c(uuy) = 3, c(uug) =
4, c(uuz) = 5, c(wwy) = 6, c(wwz) = 7, c(wwz) = 8, c(tt1) = 9, c(tt2) = 10, c(tts) = 11,
c(ujug) = 12, c(uyus) = 13, c(ugz) = 14, c(ugy) = 15, c(usug) = 16, c(usur) = 17, c(wywy) = 12,
c(w1w5) = 13, c(wgr) = 14, C(U}QS) = 15, c(wgwg) = 16, c(w3w7) = 17, C(t1t4) = 12, C(t1t5) =
13, C(tltﬁ) = 14, C(t2t7) = 15, C(tztg) = 16, C(tgtg) = 17. Since L/(Ut) = {1,2}, C(tgtlo) S
{3,4,5,6,7,8,12,13,14,15,16}. This implies that {c(zx1), c(zx2), c(zx3), c(yy1), c(yy2), c(yys)} =
{6,7,8,9,10,11}, for otherwise we can pick a color a€ {6,7,8,9,10,11} \ {c(zz1), c(xx2), c(zx3),
c(yy1), c(yy2), c(yys)} and recolor uug with «, then we can color uv with 4, vw with 2, vt with
1. So, we obtain a desired strong edge-coloring with seventeen colors, a contradiction. Similarly,
{c(rr1),c(rra), c(rrs), c(ss1), c(ss2), c(ss3)} = {3,4,5,9,10, 11}. Therefore, we can recolor both uus
and wws with 2, then we can color uv with 4, vw with 7, vt with 1. Thus, we obtain a desired
strong edge-coloring with seventeen colors, a contradiction.

Figure 5: A 3g-vertex v adjacent to one 44-vertex and two 4s-vertices

(3) Suppose otherwise that a 3p-vertex v is adjacent to one 44-vertex u and two 4s-vertices w
and t. Let each of uq, us, us, w1 and wo be a 3-vertex and wg is 4-vertex. We use the notations in
Figure 5. By the minimality of H, H' = H — v has a strong edge-coloring.

We claim that w; # wj, where i = 1,2,3 and j = 1, 2. For otherwise, |L'(uv)| > 3, |L'(vt)| > 1,
|L' (vw)| > 2, we color vt, vw, and vu in turn to obtain a strong edge-coloring of H, a contradiction.
By (1), a 3;-vertex is not adjacent to a 43-vertex. Thus, uwyw; ¢ E(H).

Now, we erased the colors of edges wuj, ww;. Then |L'(uwv)| > 4, |L'(vw)| > 3, |L'(vt)| > 3,
|L (uuq)| > 3, |L (wwn)| > 2. If L' (uuy) N L' (wwy) # 0, then we color edges uuq, ww; with the same
color and then color vt, vw, uv in turn. Thus, we obtain a strong edge-coloring of H, a contradiction.
If L'(uup) N L (wwy) = 0, then |L'(uuy) U L'(wwy)| > 5. Let T = {uv, vw, vt, uuy, wws }, for any
S C T, we have | Uees L'(e)| > |S|. By Theorem we can assign a distinct color to uncolored
edge. Thus, we obtain a strong edge-coloring of H, a contradiction. Il

Consider the final charge of zg. By Lemma xo is a 3-vertex. By Lemma (¢), xo is
adjacent to at least two 4-vertices.



If zg is a 31-vertex, then x( is not adjacent to a 43-vertex by Lemma (1) Thus, w*(zp) >
3—2+42-(4—1)/2="7-2-1 = 0. Thus, we assume that x is a 3p-vertex. In this case, Lemma(2)
implies that x( is adjacent to at most two 44-vertices. If xg is adjacent to two 44-vertices, then xg
is not adjacent to 43-vertices by Lemma (2). Thus, w*(zg) >3—1+2-(4—1)/4+(4-1)/2=
7T—2- % > 0. If z( is adjacent to one 44-vertex, then xg is not adjacent to two 4z-vertices by
Lemma[2.6(3). Thus, w*(z¢) >3-+ (4-1)/4+(4-2)/3+4-1)/2=22/3-8.T=1 >0.
If v is not adjacent to 44-vertices, then w*(v) > 3 — % +3-(4-5)/3=7-2" % =0.

2.3 Case 3: (m, k) = (2,18)

Lemma 2.7 H does not contain the following two configurations:
(1) A 31-vertex v adjacent to a 4z-vertez u.
(2) A 3g-vertex v adjacent to a 4z-vertex u and a 4a-vertex w (see Figure 6).
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Figure 6: A 3g-vertex v adjacent to a 43-vertex and a 4g9-vertex

Proof. (1) Suppose otherwise that a 3;-vertex v is adjacent to a 4s-vertex u. Let N(v) = {u, w, t},
where ¢ is a 3-vertex and w is a 4-vertex. By the minimality of H, H' = H — v has a strong
edge-coloring with at most eighteen colors. It is easy to verify that |L'(uv)| > 2, |L'(vt)| > 4 and
|L'(vw)| > 1. Thus, we color vw, uv, and vt in turn and we obtain a desired strong edge-coloring
with eighteen colors, a contradiction.

(2) Suppose otherwise that a 3p-vertex v is adjacent to a 4s-vertex u and 4o-vertex w. Let ¢,
ugz, w and ws be 4-vertices and let uy, ug and w; be 3-vertices. We use the notations in Figure 6.
By the minimality of H, H' = H — v has a strong edge-coloring.

We claim that wy # w;, where ¢ = 1,2. Suppose that w; = u;. Uncolor uuy, then |L'(uv)| > 4,
|L (vw)| > 3, |L'(vt)] > 1 and |L'(uuy)| > 4. Thus, we can color vt, vw, uu; and wv in turn to
obtain a strong edge-coloring of H, a contradiction.

By (1), a 3;-vertex is not adjacent to a 4s-vertex. Thus, wyw; ¢ E(H).

Now, uncolor uuy, wws, then |L' (uv)| > 4, |L'(vw)| > 3, |L'(vt)| > 2, |L' (uuq)| > 3, |L' (ww1)| >
2. If L' (uup )NL (wwy) # 0, we color edges uuq, ww; with the same color and color vt, vw, uv in turn
to obtain a strong edge-coloring of H, a contradiction. Thus, we assume that L' (uu1)NL (wwy) = 0.
Note that |L'(uuq) U L'(wwi)| > 5. Let T = {uv,vw,vt, uui,ww}, for any S C T, we have
| Uees L'(€)| > |S|. By Theorem [1.5] we can assign five distinct colors to uncolored edges. Thus,
we obtain a strong edge-coloring with eighteen colors, a contradiction. Hll

Consider the final charge of z3. By Lemma o is a 3-vertex. By Lemma (¢), xo is
adjacent to at least two 4-vertices. If xg is a 3;-vertex, then z( is not adjacent to a 4s-vertex by
Lemma (1) Thus, by (R2), w*(zg) > 3-8 +(4—18).2=11-3-28 =1 > 0, a contradiction.

Thus, we assume that zg is a 3g-vertex. By Lemma (d), zo is not adjacent to a 44-vertex.
If x( is adjacent to a 43-vertex, then x( is not adjacent to any 4s-vertex by Lemma (2) This
implies that w*(zg) >3- + (4 - 18)/34+(4-18).2=2_9=1 >0, a contradiction.



If z is not adjacent to any 4z-vertex, then w*(zo) >3- +3.(4—8)/2=9-5-(1/2) >0,
a contradiction.

2.4 Case 4: (m, k) = (%,19)

4

Fig-eps-converted-to.pdf

Figure 7: A 49-vertex

Lemma 2.8 There is no 49-verter.

Proof. Suppose otherwise that u is a 4o-vertex. Let uq and ug be 3-vertices and let ug and uy be
4-vertices. We shall use the notations in Figure 7. We first establish the following claims.

Claim 1. {un, ulg} N {U21, U22} = @

Proof of Claim 1. Suppose otherwise that w1 = ug; by symmetry. Let H = H — {u,uj,u2}. By
the minimality of H, H' has a strong edge-coloring with at most nineteen colors. In this case, one
can see that |L'(uus)| > 4, |L'(uug)| > 4, |L'(uuy)| > 8, |L (uug)| > 8, |L (ujui)| > 8, |L (ujuie)| >
5, |L (ugug1)| > 8 and |L'(ugug2)| > 5. We can properly color uus, utg, u1u12, ugtag, w1, utiy, Uit
and ugusy in turn. Thus, we obtain a strong edge-coloring with nineteen colors, a contradiction.
This proves Claim 1.

Claim 2. There is a pair of non adjacent vertices uy; and ug; for some 4, j € {1,2}.

Proof of Claim 2. Suppose otherwise that for each i,j € {1,2}, uug; € E(G). In this case,
let N(up;) = {u1,uo1,u2,uy;} for i = 1,2 and N(ugj) = {u2,u11,u12,u’2j} for j = 1,2. Let
H' = H — {uy, uz,u11, u12, u21, uz2 }. By the minimality of H, H' has a strong edge-coloring with
at most nineteen colors. One can observe that L'(uuy)| > 11, L'(uug)| > 11, L'(ujui1)| > 14,
L’(uluu)\ > 14, L’(u2u21)| 2 14, L/(UQUQQ)’ 2 14, L/(U11u21)’ Z 13, Ll(u1lu22)‘ > 13, L/(U12UQ1)’ Z
13, L/(U12UQ2)| > 13, L’(unu'u)| > 7, L/(’LL12U,12)| > 7,L,(’UJ21u/21)| > 7, and L/(u22u,22)| > 7. Thus,
we can properly color wiiu)y, u1ou)y, ug1ulhy, ugtby, Uty , Uz, U11 U1, U1 U2, UT2ULT, UT2U2, ULUIT,
U1U12, UoU21, UgUoo in turn and obtain a strong edge-coloring with nineteen colors, a contradiction.
This proves Claim 2.

By Claims 1 and 2, we assume that the distance between uju11 and usus is at least 3. In order
to prove Lemma [2.8] we need the following claim.

Claim 3. One of the following holds.

(1) There is a pair of non adjacent vertices ui2 and ug; for some j € {1, 2}.

(2) There is a pair of non adjacent vertices uy; and ug; for some i € {1,2}.
Proof of Claim 3. By symmetry, we only prove (1). Suppose otherwise that for each j € {1,2},
’LL12U2]' c E(G) Let N(ulz) = {ul,UQl,UQQ,ulm}, N(ugl) = {UQ,Ulg,ulm,ué/l} and N(U22) =
{ua, w12, uby, uly}. Let H = H — {u1,u2, u12,u21, uz2}. By the minimality of H, H' has a strong
edge-coloring with at most nineteen colors. One can observe that |L'(uui)| > 8, |L'(uug)| >
11, |L(uwiuir)| > 7, |L(uiuie)| > 13, |L'(uiguor)| > 10, |L'(uiguaz)| > 10, |L'(uguar)| > 13,
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/ / / / / / " / /

|l (ugug2)| > 13, [L'(uaguiy)| = 7, |L(ugrugy)| = 7, |L(ugrugy)| = 7, |L(ugauny)| > 7, and
/ " / / " / "

| L' (ug2ufy)| > 7. Thus, we can properly color ujouly, ugiuh;, uo1uly, ussthy, usetly, uiuy, uuy, uigusy,

U12U2, WU, U2U2T , U2U22, ULU2 i turn and obtain a strong edge-coloring with nineteen colors, a

contradiction. This proves Claim 3.

Let H = H — {u,u1,us}. By the minimality of H, H' has a strong edge-coloring with at
most nineteen colors. One can observe that |L'(uus)| > 4, |L'(uuq)| > 4, |L' (uuq)| > 7,|L (uug)| >
7, |L,(U1U11)| Z 4, |L/(U1U12)| Z 4, |L/(U2U21)| 2 4 and |L’(u2u22)| Z 4.

Claim 4. (1) L'(uju11) N L' (uguo1) = 0.
(2) Either L'(ujui2) N L' (ugug;) = 0 for some j € {1,2} or L'(ugua1) N L' (uiu1;) = 0 for some
ie{1,2}.

Proof of Claim 4. We only prove (1) and the proof of (2) is similar. Suppose otherwise that
a € L'(uguir) N L'(uguz1) by symmetry. We assign a to both ujuy; and wgugi, then properly
color ujuyo,uus, uug. By Claim 1, uijs # u9s. If uis is adjacent to uss, then one can observe
that |L'(uug)| > 4,|L (uug)| > 4,|L (vuq)| > 7,|L (wug)| > 7,|L (uiuir)| > 4,|L (uiuiz)| >
5, |L'(ugu91)| > 4 and |L'(ugugg)| > 5. So, we can properly color usugs. Thus, we may assume that
the distance between uju12 and usugz is at least 3. In this case, we also properly color usuge. In
each case, since |L'(uuy)| > 7 and |L'(uug)| > 7, we can properly color uui,uus. Thus, we obtain

a strong edge-coloring with nineteen colors, a contradiction. This proves our claim.

By Claim 4, we may assume that |L'(ujui1) U L'(ugug1)| > 8 and that either |L'(ujuis U
L' (ugugj)| > 8 for some j € {1,2} or |L'(uju1;) UL (ugug1)| > 8 for some i € {1,2}. For any subset
T C {uuy, utg, uus, utly, U1u11, U1U12, U1, U222}, | Y .cp L'(e)| > |T|. By Theorem |1.5] we can
assign eight distinct colors to eight uncolored edges to obtain a strong-edge coloring with nineteen
colors, a contradiction. Hl

Consider the final weight of xg. By Lemma xo is a 3-vertex. By Lemma (c), xo is
adjacent to at least three 4-vertices, and by Lemmas (d) and none of which is a 43-vertex
or a 44-vertex or 4o-vertex. Furthermore, g is adjacent to at most one 4;-vertex.

Since o is not adjacent to a 4o-vertex, w*(v) = 3 — B +34 - L) =15-4.8 =0, a

contradiction.
2.5 Case 5: (m, k) = (5,20)

Lemma 2.9 The distance between two 3-vertices is at least 4.

Proof. By Lemma (d), the distance between two 3-vertices is at least 3. Suppose that there
exists the distance between two 3-vertices v and y at distance 3. Let N(v) = {u,w,t}, N(t) =
{v,t1,t2, 2}, and N(x) = {t,z1,x2,y} (see Figure 8).

_ e
luv; X y>r

Figure 8: The distance between two 3-vertices v and y is 3
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By Lemma (d), wy ¢ E(H). By the minimality of H, H' = H —v has a strong edge-coloring
¢ with at most twenty colors. In the strong edge-coloring ¢ of H’, we erased the colors of edges tx
and zy so that we get a partial coloring ¢’. Observe that |L'(uv)| > 3, |L'(vw)| > 3, |L'(vt)| > 4,
|L'(tx)| > 2 and |L'(zy)| > 2. If L'(xy) N L' (vw) # 0, we color edges xy, vw with the same color
and then color tx, uv, vt in turn and we obtain a desired strong edge-coloring with twenty colors,
a contradiction. If L'(xy) N L'(vw) = 0, then |L'(zy) U L' (vw)| > 5. Let T = {uv,vw, vt, tx,xy},
for any S C T, we have | Uecg L'(e)] > |S|. By Theorem (1.5, we can assign a distinct color to
uncolored edge, then we obtain a desired strong edge-coloring with twenty colors, a contradiction.

Lemma 2.10 The distance between two 3-vertices is at least 5.

Proof. By Lemma [2.9] the distance between two 3-vertices is at least 4. Suppose otherwise that
there exist two 3-vertices v and = at distance 4. We use the notations in Figure 9.
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Figure 9: The distance between two 3-vertices v and x is 4

By the minimality of H, H = H — {v,z} has a strong edge-coloring ¢ with at most twenty
colors. In the strong edge-coloring ¢ of H’, we erased the colors of edges st and tp so that we get
a partial coloring ¢/. We will extend this partial coloring ¢’ to a strong edge-coloring of H. One
can observe that |L'(uv)| > 3, |L'(vw)| > 3, |[L'(vs)| > 4, |L'(st)| > 2, |L'(tp)| > 2, |L'(pz)| > 4,
|L'(zy)| > 3, |L'(xz2)| > 3. We consider the following two cases.

Case 1. One of L'(uv) N L' (tp), L' (wv) N L' (tp), L' (zy) N L' (st) and L' (xz) N L'(st) is not empty.

We assume, without loss of generality, that L'(uv) N L'(tp) # 0. We establish the following
claim.

Claim 1. (1) L'(uv) N L'(tp) C L' (px), L' (uv) N L' (tp) C L'(zy) and L' (uv) N L' (tp) C L'(zz).
(2) L'(zy) C L'(pz) and L'(zz) C L'(px).
(3) |/ (pz)| = 4, |I/(ay)] = 3 and |L/(z2)] = 3.
(4) L'(zy) = L'(z2).
(5) L'(st) C L'(px) and |L'(st)| = 2.
(6) |/(st) N )| = 1.
(7) |L' (vs)| = 4, |L'(uv)| = 3 and | L' (vw)| = 3.
Proof of Claim 1. (1) We only prove that L'(uv) N L'(tp

) C L'(px). The proofs for other cases
are similar. Suppose otherwise we can pick a € L'(uv) N L'

L/
(tp) and o ¢ L'(px), then we can
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color uv and tp with « and color st, wv, vs, xy, xz, px in turn. Thus, we obtain a desired strong
edge-coloring with twenty colors, a contradiction.

(2) We only prove that L'(zy) C L'(px) and the proof for the other case is similar. Suppose
otherwise. We can pick 8 € L'(xy) and 8 ¢ L'(pz). By (1), L'(uwv) N L'(tp) € L'(px) and hence
B ¢ L'(uv)NL'(tp). Since L' (uv)NL'(tp) # 0, we color uv and tp with the same color, color zy with
the color 8 and color st, wv, vs, xz, pr in turn. Thus, we obtain a desired strong edge-coloring
with twenty colors, a contradiction.

(3) We only prove that |L/(pz)| = 4 and the proofs for other cases are similar. Suppose otherwise
that |L'(pz)| > 5. We can color uv and ¢p with the same color and color st, wv, vs, rz, xy, pr in
turn. Thus, we obtain a desired strong edge-coloring with twenty colors, a contradiction.

(4) If L'(zy) # L'(xz), then we have L'(zy) U L'(x2) = L'(px) since L'(xzy) C L'(px) and
L'(xz) C L'(px). Thus we can color uv and tp with the same color and color st, wv, vs in
turn so that we get a partial coloring ¢”. One can observe that |L'(px) \ {c"(tp), " (st} > 2,
L ay) \ (" (tp)}] = 2, |L/(22)\ {/(tp)}] = 2 amd |L'(ay) UL (=) \ {"(tp)}] = 3. By Theorem L3
we can assign distinct colors to xzy, xz and pz. Thus, we obtain a desired strong edge-coloring with
twenty colors, a contradiction.

(5) Suppose otherwise we can pick 8’ € L'(st) and 8’ ¢ L'(px). By (1), L' (uww)NL'(tp) C L' (px).
Then ' ¢ L'(uv) N L'(tp). Thus, we color uv and tp with the same color, color st with the color
B and color wv, vs, xy, vz, pr in turn. Thus, we obtain a desired strong edge-coloring with
twenty colors, a contradiction. Suppose otherwise that |L'(st)] > 3. We color uv and tp with
the same color, then color xy, zz, xp, st,vw and vs in turn. Therefore, we obtain a desired strong
edge-coloring with twenty colors, a contradiction.

(6) We first show that L'(st) N L'(zy) # 0. Suppose otherwise that L'(st) N L'(xy) = (. By (2)
and (5), L'(xy) C L'(px) and L'(st) C L'(px). This implies that |L'(px)| > |L'(zy)| + |L'(st)| > 5,
contrary to (3). We now show that |L/(st)NL'(zy)| = 1. Suppose otherwise that |L'(st)N L' (zy)| >
2. We color uv and tp with the same color o* and we can pick 8” € L'(st) N L'(xy) \ {a*}. Thus
we color st, zy with the same color 3" and color wv, vs, £z and px in turn. Thus, we obtain a
desired strong edge-coloring with twenty colors, a contradiction.

(7) By (6), L'(st)NL'(zy) # (. By replacing that L'(uvv)NL'(tp) # O by that L' (st)NL'(zy) # 0,
we obtain |L'(vs)| =4, |L'(uv)| = 3 and |L'(vw)| = 3 by the argument in the proof of (3).

So far, we have proved Claim 1.

By Claim 1(4), we assume, without loss of generality, that L'(pz) = {1,2,3,4}, L'(xy) =
L'(zz) = {1,2,3}. By Claim 1(5), we assume, without loss of generality, that L'(st) = {3,4}. By
Claim 1(7), we may assume, without loss of generality, that L'(vs) = {1, a2, as,as}, L'(uv) =
L'(wv) = {a1,as, a3} and L' (tp) = {asz, a4}

We claim that L'(tp) = {as, a4} = {3,4}. If 3 ¢ L'(tp), then 3 € L(tp). Since L'(st) = {3,4}
and L' (px) = {1,2,3,4}, 3 ¢ L(st)U L(px) and L(tp) C L(st) U L(px). This implies that 3 ¢ L(tp),
a contradiction. Thus, 3 € L/(tp). By symmetry, we may assume that 4 € L'(tp). If L'(vs) =
{a1,a2,3,4} and L'(uwv) = L'(wv) = {a1, az,4}, then we color both ¢tp and uv with 4, color both
st and xy with 3 and color wv with ay, color vs with aag, color xz with 1 and color pz with 2. This
means that we obtain a desired strong edge-coloring with twenty colors, a contradiction. Therefore,
we may assume that L'(vs) = {a1, a9,3,4}, L'(uv) = L'(wv) = {aq, az, 3}.

Recall that L'(pz) = {1,2,3,4}. We may assume, without loss of generality, that ¢/(pp1) = 5,
d(pp2) = 6, (p1p3) = 7, (p1pa) = 8, (p1ps) = 9, ¢ (p2ps) = 10, ¢ (papr) = 11, /(p2ps) = 12,
d(tty) = 13, d(tte) = 14, d(yy1) = 15, d(yy2) = 16, (yy3) = 17, d(221) = 18, (223) = 19,
' (zz3) = 20. We now claim that {15,16,17,18,19,20} C {p3pg, p3p10, P3p11, PaP12, P4P13, P4P14, P5P15,
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psp16, pspi7}- 1 15 & {p3po, p3pio, P3p11, PaP12, PaP13, PaP14, P5P15, P5P16, PsP17 )}, We recolor ppy with
color 15, color st with 5, color pt with 3, color xy with 1, color zz with 2, color px with 4, color

vs with 4, color uv with 3 and color wv with a color o™ € {a1,as} and o™ # 5. Thus, we obtain
a desired strong edge-coloring with twenty colors, a contradiction. Similarly, we can prove that
{16,17,18,19,20} C {p3pg, P3P10, P3P11, P4P12, P4P13, P4P14, P5P15> P5P16> P5PIT )

By symmetry, we may assume that ¢/ (pspg) = 15, ¢/ (psp10) = 16, ¢/ (psp11) = 17, ¢ (pap12) = 18,
d(pap13) = 19, ¢ (pap14) = 20. Now we claim that 5 € {ag,a2}. If 5 ¢ {a1, a2}, we can pick
B* € {1,2,3,41\{ (psp15), ¢ (psp16), ¢ (psp17)}. If B* € {1,2}, then we recolor pp; with 5* and
color both st and zy with 5, color pt with 4, color xz with the color in {1,2} \ {5*}, color both
pz and vs with 3, color uv and wv with a1 and a9 respectively. Thus, we obtain a desired strong
edge-coloring with twenty colors, a contradiction. If §* € {3,4}, then we recolor pp; with §* and
color both st and xy with 5, color pt with a color in {3,4} \ {8*}, color xz with 1, color px with
2, color vs with ay, color uv and wov with 3 and asg, respectively. Thus, we obtain a desired strong
edge-coloring with twenty colors, a contradiction.

By symmetry, we have 6 € {1, as}. Therefore we have L'(vs) = {3,4,5,6}, L' (uwv) = L' (wv) =
{3,5,6}. Since L'(px) = {1,2,3,4}, L'(xzy) = L'(zz) = {1,2,3} and by symmetry, we claim that
{(ss1),c (ss2)} = {1,2}.

Now we claim that {C/(p5p15), C,(pg,pl(j), C/(p5p17)} = {17 2, 4}' If1 ¢ {C,(p5p15), C,(p5p16)’ Cl(p5p17)}7
we recolor pp; with 1 and color both st and zy with 5, color pt with 3, color xz with 2, color both pz
and vs with 4, color uv with 3 and color wv with 6. Thus, we obtain a desired strong edge-coloring
with twenty colors, a contradiction. Similarly, we can prove that 2 € {¢/(psp15), ¢ (psp16), ¢ (psp17) }-

If 4 ¢ {c(psp15), ¢ (psp16), ¢ (psp17)}, we recolor pp; with 4 and color both st and xy with 5,
color pt with 3, color xz with 1, color px with 2 and vs with 4, color uv with 3 and color wv with
6. Thus, we obtain a desired strong edge-coloring with twenty colors, a contradiction.

Recall L'(st) = L'(tp) = {3,4} and {/(ss1),(ss2)} = {1,2}. We assume, without loss of
generality, that ¢ (t1t3) = 15, ¢ (t1t4) = 16, ¢ (t1t5) = 17,  (tats) = 18, (tat7) = 19, (tats) = 20.
d(s183) =7, d(s181) =8, (s185) =9, (s286) = 10, /(s257) = 11, ¢/ (s288) = 12. By symmetry of
p and s, we may assume that {c(s3s9), ¢ (s3510), ¢ (s3511), ¢'(84812), ¢/ (84813), ¢ (84514), ¢/ (85515),
d(s5816),  (s5817)} = {15,16,17,18,19,20,4,5,6}. Therefore, we can recolor both ss; and pp; with
3, color st with 1, color tp with 5, color zy, xz, px, uv, wv, vs with 1, 2, 4, 5, 6, 4, respectively,
Thus, we obtain a desired strong edge-coloring with twenty colors, a contradiction.

Case 2. L'(uwv) N L'(tp) =0, L'(wv) N L' (tp) =0, L'(xzy) N L'(st) = 0 and L'(zz) N L' (st) = 0.

In this case, we have |L'(uv) UL (tp)| > 5, |L'(wv) U L' (tp)| > 5, |L'(zy) UL/ (st)| > 5, |L'(xz) U
L'(st)| > 5. We now prove the following claim.

Claim 2. (1) |L/(vs)| =4 and |L'(px)| = 4.

(2) [ (uo)| = | L' (wo)| = 3.

(3) L'(uv) C L'(vs), L'(wv) C L'(vs), L'(zy) C L'(px) and L'(xz) C L' (px).

(4) L'(uv) = L' (wv).
Proof of Claim 2. (1) We only prove that |L'(vs)| = 4 and the proof for the case |L'(pz)| = 4 is
similar. Suppose otherwise that |L'(vs)| > 5. In this case, let T = {st, tp, px,xy, zz}. Note that
|L'(st) U L'(zy)| > 5. For any S C T, we have | Uees L'(e)| > S. By Theorem [1.5, we can assign a
distinct color to each edge in T. We then properly color uv, vw and vs in turn. Thus, we obtain a
desired strong edge-coloring with twenty colors, a contradiction.

(2) Suppose otherwise that |L'(uv)| > 4. The proofs for the cases are similar. In this case, we
also let T' = {st, tp, px, xy, xz}. Since |L'(zy)UL'(st)| > 5, for any S C T', we have |U.es L' (e)| > S.
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By Theorem we can assign a distinct color to each edge in T. We now properly color vw, vs
and wv in turn. Thus, we obtain a desired strong edge-coloring with twenty colors, a contradiction.

(3) Suppose otherwise that L'(uv) € L'(vs). The proofs for the other cases are similar. Let
v € L'(uww)\ L'(vs). Let T = {st, tp, px, xzy, xz}. Since |L'(xy) UL (st)| > 5, for any S C T, we have
| Uees L'(e)| > S. By Theorem we can assign a distinct color to each edge in T'. In particular,
st is assigned color 8. If v # 3, then we now color vw with a color in L'(vw) \ {v, 8}, properly
color vw and vs in turn; if v = B, then properly color uv, vw and vs in turn. In both cases, Thus,
we obtain a desired strong edge-coloring with twenty colors, a contradiction.

(4) Suppose otherwise that L'(uv) # L'(wv). Let o € L'(uv) \ L' (vw) and g € L' (vw) \ L' (uv).
Let T = {st, tp,px, zy,xz}. Since |L'(xy) U L'(st)| > 5, for any S C T, we have | Uees L'(e)| > S.
By Theorem [1.5] we can assign a distinct color to each edge in T. In particular, st and tp are
assigned color ;1 and ~2, respectively. Since a # 3, we may assume that «a # . Now we color vs
with a color in L'(vs) \ {71, 72, a}, properly color vw and color uv with color . Thus, we obtain
a desired strong edge-coloring with twenty colors, a contradiction. By symmetry, L'(zy) = L'(zz2).

We now complete the proof of Claim 2.

By Claim 2, we assume, without loss of generality, that L'(uv) = L'(wv) = {1,2,3}, L'(vs) =
{1,2,3,4}, L'(xy) = L'(xz) = {B1, B2, B3}, L' (px) = {B1, B2, B3, B1}-

Since L'(uv) N L'(pt) = 0, |L'(pt)| > 2, we can pick v** € L'(pt) and v** # 4. If v** = (1, we
firstly color tp with v**, color xy, xz,and px with B2, 83 and (B4 respectively. Since L'(xy)NL'(st) =
0, {B1, B2, B3} N L'(st) = 0. This implies that v** ¢ L'(st). Thus, we can properly color st, uv,
wv, vs in turn. Thus, we obtain a desired strong edge-coloring with twenty colors, a contradiction.
The proofs are similar for the cases that v** = B2 and v** = (3. If v** = B4, we firstly color tp
with v**, color zy, zz,and pxr with 81, B2 and B3 respectively. Since L'(zy) N L'(st) = (), we can
properly color st, uv, wv, vs in turn. Thus, we obtain a desired strong edge-coloring with twenty
colors, a contradiction. If v** ¢ {f1, B2, B3, B4}, then we firstly color tp with v**. Since v** # 4
and L'(st) N L'(xzy) = 0, we can properly color st, zy, xz, px in turn. Since L'(uv) N L'(pt) = 0,
L'(wv) N L'(pt) = 0 and v** € L'(pt), we can color uv, wv, vs in turn. Thus, we obtain a desired
strong edge-coloring with twenty colors, a contradiction. ll

Consider the final weight of xg. By Lemma xo is a 3-vertex. By Lemma for each

4-vertex u € Na(z0), o is the only one 3~ -vertex in Na(u). By (R2), w*(zo) =3 — 3% +3- (4 —
%) +9-(4— %) =51-13- % =0, a contradiction.

3 Concluding remarks

We feel that Lemma [2.10] can be strengthened to show that the distance between 3-vertices should be
arbitrary large, implying that there is at most one 3-vertex. But one may have an argument to show there
is no 3-vertex at all, so we do not make much more effort than Lemma [2.10

We do not have constructions to show the sharpness of the maximum average degrees in our theorem,
and we do not believe they are sharp.
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