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Multiplicative functions

@ Def: ¢(n) is the number of elements in a reduced system of residues
modulo n. (i.e., the number of coprimes to nin {1,2,...,n}. )

@ Def: the sum of divisors of n: o(n) =}, d and the number of
divisors of n: 7(n) =3, ,1

e For f € {¢,o,7}, f(mn) = f(m)f(n) if (m,n) = 1, namely, they are
multiplicative functions.

o Thm: if f is a multiplicative function, then F(n) =3  ,f(d) is also
multiplicative.

® And }_,,¢(d) = n.

—
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o Let F(n) =3 4, f(d). Then what is f in terms of F?
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Mobius Inversion

@ Def: the Mobius function, p(n), is defined by

{1,n1 M=\

(=1)"n=pip2...p

0, otherwise qi’w )

p(n) =
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Mobius Inversion

@ Def: the Mobius function, p(n), is defined by

1,n=1

wn) =< (~13n=pips...ps
0, otherwise

e Thm: u(n) is multiplicative.
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Mobius Inversion

@ Def: the Mobius function, p(n), is defined by

1,n=1
p(n) =4 (=1)",n=pip2...pr
\/J\
0, otherwise ‘l"u))

(r ~$,.w. :
@ Thm: p(n) is multiplicative. M \ \/[ S\}
° Thm > djni(d) = L if and only if n =1, otherwise, it is 0%/\A \(Lv,‘
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Mobius Inversion

@ Mobius Inver5|on Formula: = ,A " }’(r‘)
If F(n) =) f(d), then f(n Zu(d (n/d).
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Applications of Mobius Inversion

=0 sl s M)
o From n=73,, ¢(d), we have ¢(n) =3, u(d)g. :( )
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Applications of Mobius Inversion

o From n=73",,(n), we have ¢(n) =3 4, u(d)g.

o From o(n) =3_,,d we have n = 3", u(n/d)o(d).

V=10 g = plast A e molgl)
~ /\A('\\G'(‘*\
= 60 - w0) ~ () 45 ()
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Applications of Mobius Inversion

o From n=73",,(n), we have ¢(n) =3 4, u(d)g.
o From o(n) =3_,,d we have n = 3", u(n/d)o(d).
o From 7(n) =3 4,1 we have 1 =3, u(n/d)r(d).

W= | s o) T(E)-T() + T
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Applications of Mobius Inversion

e have ¢(n) = >y, p(d) G-

e Fro

e From ofn) =

>_qjnd we have n =%, u(n/d)o(d).

o Fro

7(n) =X 4n 1 we have 1 =3, p(n/d)r(d).

o Thmt if F(n) =3, ,f(d) and Fis multlpllcatlve then f is also
multiplicative. <
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o Thm: if f(n) = 4, 1(d)F(n/d), then F(n) =34, f(d).

@ In general, one can have Dirichlet product (or Dirichlet Convolution):

h*xf = h(d)f ?L;(D
3 e =k s (3]

n=did»

Then we have g = puxf ifand only if f =1xg. \\(
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