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quadratic residue and nonresidue modulo p

@ How to solve quadratic equations ax? + bx + ¢ EO(mod m) where
(a,m) =17
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quadratic residue and nonresidue modulo p

@ How to solve quadratic equations ax? + bx + ¢ = (mod m) where
(a,m) =17

o We can simplify it to y2 = d (mod m).
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quadratic residue and nonresidue modulo p

@ How to solve quadratic equations ax? + bx + ¢ = (mod m) where
(a,m) =17

o We can simplify it to y2 = d (mod m).

o Or equivalently, we need to determine whether x2 = d (mod m) has
solution or not.
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quadratic residue and nonresidue modulo p

@ How to solve quadratic equations ax? + bx + ¢ = (mod m) where
(a,m) =17

V= 2Ga ),

o We can simplify it to y2 = d (mod m).

o Or equivalently, we need to determine whether x2 = d (mod m) has
solution or not.

@ Def: let m be an integer and (d, m) = 1. Then d is a quadratic
residue modulo m if x> = d (mod m) has a solution; d is quadratic
nonresidue modulo m if it has no solution.
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o Lem: let p be an odd prime and (a, p) = 1. Then x?> = a (mod p)
has either no solution or exactly two solutions modulo p.
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o Lem: let p be an odd prime and (a, p) = 1. Then x?> = a (mod p) w’l

has either no solution or exactly two solutions modulo p. 11(‘,“‘ ‘
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@ Thm: there are (p — 1)/2 quadratic residues modulo p and ( —-1)/2
quadratic nonresidues modulo p.

E% ?3 -\(wtxs)(\_hss{‘d\‘:hs “&B\U‘fi'r' r
%22 (et 3) hons woSsbhro~ ~((z) e m

16, U=z M,%} SRR g
\b“"'@)‘\'\ Q,,_) (F o ( «)\eﬁx@;\'\. N‘j‘

Gexin Yu gyu@um.edu Math 412: Number Theory Lecture 16 quadratic residues and



Thm: let r be a primitive root of prime p, and (a,p) = 1. Then ais a
quadratic residue of p if and only if ind,a is even.
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Legendre symbol

Legendre symbol of d modulo p: let p be an odd prime. Define the

J 1, if d is a quadratic residue modulo p
<> = ¢ —1, if d is a quadratic nonresidue modulo p
0, if p|d
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Thm (Euler Criterion): Let prime p > 2 and p fd. Then

<d> = dP~1/2  (mod p).

%) ‘%oj\s«rlwal»tmmvmm AEXEY oul}) px)=1

= d\y’{“ (\Cv\ = ><§ =\ é”"’\) (Eulu’f\w\)
o Bz o bip
1\(- & CSC«T bM~V~&$'4\~\ WM‘?"\/W ‘A"JN l‘(. ?-'
tome, ety 6 34(:\)?/)’ st t)_o\w?)
y .

ic residues an

d



Thm (Euler Criterion): Let prime p > 2 and p fd. Then

<d> = dP~1/2  (mod p).
p

Cor: —1 is a quadratic residue modulo p if and only if p =1 (mod 4).
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Properties of Legendre symbol modulo p
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Properties of Legendre symbol modulo p
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Properties of Legendre symbol modulo p

(2= (2)-3)2) () @R)2)-B)6): -




Properties of Legendre symbol modulo p
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Cor: Let p be odd prime and p fdi,p fda. Then did> is a quadratic
residue mod p if and only if both di and d> are quadratic residues or
nonresidues mod p.
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Cor: Let p be odd prime and p fdi,p fda. Then did> is a quadratic
residue mod p if and only if both di and d> are quadratic residues or
nonresidues mod p.

So for any integer d, to compute (%), we (just) need to know how to

e (7). (£) 0 (3).
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Ex: determine the number of solutions to the following equations:
x?= -2 (mod 209) 201: ( '17,
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