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Quadratic residue/nonresidue and Legendre symbols

@ Legendre symbol of d modulo p: let p be an odd prime. Define the

4 1, if d is a quadratic residue modulo p
<> = < —1, if d is a quadratic nonresidue modulo p
0, if p|ld

e Thm (Euler Criterion): Let prime p > 2 and p fd. Then

<Z> =dP~I/2 (mod p).

@ Properties of Legendre symbols:
(3) = ()
(5)-(5)3)

If p /d, then (i) =1

v

v

v

P
1) _ =1\ _ (_1\(p-1)/2
(p)—land<p>_( 1) .
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@ Gauss Lemma: Let p be an odd prime, and let a € Z with (a,p) = 1.
Let A= {j:t=aj (mod p),1 <j <P 2<t<p}andn=|A|
Then

e
ay = I:—FLJ\H’\-JC
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@ Gauss Lemma: Let p be an odd prime, and let a € Z with (a,p) = 1.
Let A= {j:t=aj (mod p),1 <j<P: 2 <t<p}andn=|A|

Then
5)-cor

@ Proof: for 1 < i< j < p/2, ia— jaand ia+ ja are not divisible by p,
that is, ia Z ja (mod p). Y| k- = =) D e
@ Let m;a (mod p) with i € A be greater than p/2. Then p — m;a

(mod p) with_i e also greater than p/2, and they are different
from those with i € A. V"\.\J\‘V«. = -Wa> s
o It follows that {p — mia,p — mpa,...,p— mpa, mpyi1a,...,ma} =
{1,2,...,(p—1)/2}.
o Now
(p—1)/2
I[I ia=(-1)"(p— ma)...(p— mna)(mns1a)...(m:a)
i=1

—(=1)"1-2-...(p—1)/2 (mod p).fd _ [ & (4
So we hav(_l)n (mod p) 0\ ((b\ Y
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Thm: 2 is a quadratic residue modulo p iff p = +1 (mod 8). OR

Naad fiod T3 2>

=%exY = (357 )
T g el o kel n=(fe+-)-2¢

’:'] ! 1;5_: - )
P i g lk ..,C{< -

!

Y_-:}-: 1\‘7%:?—\%_}— 22 — c@‘é’;‘b
=8, ik %>2("\6\4&;—\
V2], aelN~ .
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The law of quadratic reciprocity (Gauss 1795)

@ Lem: let p be odd prime and a odd integer

¥

o~ RN

‘e c o~ o
.

. oo
. A
pe —

d (a?p) =

\:‘) 3 Q}/f )
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The law of quadratic reciprocity (Gauss 1795)

@ Lem: let p be odd prime and a odd integer and (a, p) = 1, then

p—1
2 .
(a) = (—1)T, where T = {JE)J .
p ~lp
. (b-1)/2
PF: Letja:pLJ;anLtj forlgjg”T_l. Then Z ja:pT+th.
Jj=1 J

o Let A= {j:tj > p/2}, i.e, the set defined in Gauss Lemma. Then

Zt-:Zs;+Zr, ZS'+Z —r,—np+2Zr,
/19 iZA icA ,ng icA ! .
_ 2 ()3, 4o
(s & 757 )

(p— 1)/2
€

e It follows that T = n (mod 2), so the conclusion by Gauss Lemma.
~——
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e Thm (Quadratic Reciprocity Law of Gauss): let p, g be distinct odd

primes. Then
q p p=lg-1
IV (E) = (=1
(5)(5)-»
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e Thm (Quadratic Reciprocity Law of Gauss): let p, g be distinct odd

primes. Then
q p p=lg-1
IV (E) = (=1
(5)(5)-»

PF: We should note that T is the number of integer points_jn the region
bounded by x-axis, x = p/2 and y = ax/p. 0 \‘,5'
9 | -
. . _ 5
o Let S= Z { J with odd prime g, then (g) =(-1) %

@ But S is the number of integer points in the region bounded by ?/'1«
y-axis, y = q/2, and x = qy/p, and S + T is the integer points in

the region bounded by x-axis, y-axis, x = p/2 and y = q/2. 8
B n ~X
o It follows that (4) (£) = (-1)5*7 = (-1)

| T $ N
(/\) (’ ) \:‘?B
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PF:

Thm (Quadratic Reciprocity Law of Gauss): let p, g be distinct odd

primes. Then
q p p—1lg—1
bl ) =(=1
<P> <CI> 1)

We should note that T is the number of integer points in the region
bounded by x-axis, x = p/2 and y = ax/p.

a-1
2 .
Let S = Z UZJ with odd prime g, then (g) = (-1)°.
i=1
But S is the number of integer points in the region bounded by

y-axis, y = q/2, and x = qy/p, and S + T is the integer points in
the region bounded by x-axis, y-axis, x = p/2 and y = q/2.

It follows that (4) (£) = (-1)S+7 = (-1)"=" 2", q/cf (\\214\0

Corollary: (g) = — (%) if p,g =3 (mod 4); otherwise, (g) = <%)
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Law of quadratic reciprocity (applications)

328

® B compute (3) . (122 )= (& ) K 7 )

=(Z) @) (7)< )

— (9] ()
§’IG“’N) 137 2
= ( <) clg)=-)
¢zt
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Cyclic numbers

@ A cyclic number is an (n — 1)-digit integer that, when multiplied by
3,...,n—1, produces the same digits in a different order. For example,
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Cyclic numbers

@ A cyclic number is an (n — 1)-digit integer that, when multiplied by
1,2,3,...,n—1, produces the same digits in a different order. For example,
142857 is a cyclic number with 6 digits. Prove that if 10 is a primitive root
modulo p, where p is a prime, then (10°P~1 —1)/p is a cyclic number.

@ Let C(k) be an integer of k digits, and C(k, i) be a rotation of C(k) by
moving the first i digits to the right. Let M(i) be the number formed by the
first i digits of C(k). For example, C(6) = 142857, C(6,2) = 285714, and
M(2) = 14. Then

C(k,i)=10"- C(k) — M(i)(10k — 1)

- (qC clEe) - MK W& 4 M(t)
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Cyclic numbers

@ A cyclic number is an (n — 1)-digit integer that, when multiplied by
1,2,3,...,n—1, produces the same digits in a different order. For example,
142857 is a cyclic number with 6 digits. Prove that if 10 is a primitive root
modulo p, where p is a prime, then (10°P~1 —1)/p is a cyclic number.

@ Let C(k) be an integer of k digits, and C(k, i) be a rotation of C(k) by
moving the first i digits to the right. Let M(i) be the number formed by the
first i digits of C(k). For example, C(6) = 142857, C(6,2) = 285714, and
M(2) = 14. Then

C(k,i)=10"- C(k) — M(i)(10k — 1)
@ Let 10 be a primitive root for p, and let C(p — 1) = (10°P~! — 1)/p. Note

that when 10’ is divided by p, we get quotient M(i) and remainder r;, and
r; = 10" — pM(i). It follows that

rC(p—1)=C(p—1)-10' = M(i)pC(p — 1)
=C(p—1)-10" — M(i)(10°"1 —1) = C(p — 1, ).
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