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Congruent classes

A complete system of residues modulo m is a set of integers such that
every integer is congruent modulo m to exactly one integer of the set.

Ex: A set of m incongruent integers modulo m forms a complete set
of residues modulo m.

Ex: If r1, . . . , rm is a complete system of residues modulo m, and if
a ∈ N and (a,m) = 1, then ar1 + b, ar2 + b, . . . , arm + b is a complete
system of residues modulo m for any integer b.
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Reduced System of residues modulo m

Let φ(n) be the number of integers in 1, 2, . . . , n that are coprime to
n.

A reduced system of residue modulo n is a set of φ(n) integers such
that each element of the set is relatively prime to n, and no two
different elements of the set are congruent modulo n.

Ex: If r1, . . . , rm is a reduced system of residues modulo m, and if
a ∈ N and (a,m) = 1, then ar1, ar2, . . . , arm is a reduced system of
residues modulo m.
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Wilson’s Theorem: If p is a prime, then (p − 1)! ≡ −1 (mod p).

Let n ≥ 2 be a positive integer. Then (n − 1)! ≡ −1 (mod n) if and
only if n is a prime.

More general, If r1, . . . , rp−1 is a reduced system of residues modulo
p, then r1r2 · · · rp−1 ≡ −1 (mod p).
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THM: let r1, r2, . . . , rφ(m) be a reduced system of residues modulo

m = pl , where p is odd prime, then
∏

i ri ≡ −1 (mod pl).

THM: let r1, r2, . . . , rφ(m) be a reduced system of residues modulo

m = 2pl , where p is odd prime, then
∏

i ri ≡ −1 (mod 2pl).
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THM: let r1, r2, . . . , rφ(m) be a reduced system of residues modulo

m = 2l , where l ≥ 3, then
∏

i ri ≡ 1 (mod 2l).
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Ex: let r1, r2, . . . , rp−1 and r ′1, r
′
2, . . . , r

′
p−1 are two complete system of

residues modulo p, where p is odd prime, then r1r
′
1, r2r

′
2, . . . , rp−1r

′
p−1

is not a complete system of residues modulo p.
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Ex: let p be an odd prime. Then

12 · 32 · . . . (p − 2)2 ≡ (−1)(p+1)/2 (mod p)
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Ex: find the least nonnegative residue of 70! (mod 5183). (Note that
5183 = 71 · 73)
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Fermat Little Theorem: Let p be a prime and (a, p) = 1. Then

ap−1 ≡ 1 (mod p)
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