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Abstract

In 1976, Steinberg conjectured that every planar graph without 4-cycles and 5-cycles is 3-colorable.
Borodin and Raspaud (2003) further conjectured that every planar graph without 5-cycles and K is
3-colorable. In 2016, these two conjectures are disproved by Cohen—Addad and others. Now in this
paper, we prove a relaxation of Strong Bordeaux Conjecture that every planar graph without 5-cycles
and adjacent triangles and adjacent 4-cycles is (2,0, 0)-colorable which improves the results of Chen,
Wang, Liu and Xu (2016) and of Liu, Li and Yu (2015).

1 Introduction

It is Well—kélgcwvn that deciding whether a planar graph is properly 3-colorable is a NP-complete problem.
Grotzsch %Tproved the famous theor7%m that every triangle-free planar graph is 3-colorable. Steinberg in
1976 made the following conjecture [16].

S76
Conjecture 1.1 (Steinberg, m]) All planar graphs without 4-cycles and 5-cycles are 3-colorable.

This conjecture was disproved by Cohen—Addad et al. lFa}recently. However, Erdés suggested to find a
constant ¢ such that a planar graph without cycles of length from 4 to ¢ é%53—colorable. The best constant
so far is ¢ = 7, found by Borodin, Glebov, Raspaud, and Salavatipour [4].

A graph is (¢1,co, ..., ck)-colorable if the vertex set can be partitioned into k sets Vi, Va, ..., Vi, such
that for every 4, the subgraph G[V;] has maximum degree at most ¢;, where 1 < 4 < k. Tmproper colorabilif,
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of graphs has been extensively studied. For more results, see Ffmmmrvey by Borodin %ﬁé’

As usual, a 3-cycle is also called a triangle. Havel in [10] asked if each planar graph with large er_lr%ggh
distances between triangles is (0,0, 0)-colorable. This was resolved by Dvotdk, Kral and Thomas [8]. We
say that two cycles are adjacent if they have at least one edge in common and intersecting if they have at
least one common vertex. A graph contains a pair of adjacent triangles if and only if it contains a K as a
subgraph. Borodin and Raspaud in 2003 made the following two conjectures, which have common features
with Havel’s and Steinberg’s 3-color problems.

BRO3
Conjecture 1.2 (Bordeaux Conjecture, [5]) Fvery planar graph without 5-cycles and intersecting 3-

cycles and is 3-colorable.

BRO3
Conjecture 1.3 (Strong Bordeaux Conjecture, [5]) Every planar graph without 5-cycles and K, s

3-colorable.
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Let G be a plane graph. Denote by dV the minimum distance between two triangles in G. A relaxation
of the Bordeaux Conjecture with d¥ > 4 was co&ﬁrmed by Borodin and Raus(??aud , and the result was
improved to d¥V > 3 by Borodin and Glebov and, independently, by Xu %[7] Borodin and Glebov %]»
further improved the result to dvV > 2.
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For relaxations of Conjecture hLiu, Li and Yu %Imm that every plau%auolrr1 graph without 5-cycles
and intersecting 3—cycl(isa s (2,0,0)—c010r0%b1e and (1,1, 0)-colorable. Conjecture hwas also disproved by
Cohen—Addad et al. recently. Xu [I8] showed that every graph without b-cycles nor K is (1,1,1)-
colorable, which was improved to be (1,1, 0)-colorable by Huang, Li and Yu [TI]. One may naturally ask

the following question.
Problem 1.4 Ewvery graph without 5-cycles nor K, s (1,0,0)-colorable.
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On the other hand, Chen et al. H%f lgcc))lyled that every planar graph W}Lthout 5-cycles nor 4-cycle is
(2,0,0)-colorable. Motivated by Problem IZI a

plane graph without 5-cycle nor two adjacent 3-cycles nor two adjacent 4-cycles. Here is our main result.

nd the result of Chen et al. [6], we consider ¢, the family of

Theorem 1.5 Every planar graph without 5-cycles, or K , or adjacent 4-cycles is (2,0,0)-colorable.

We actually prove something stronger. Let G be a plane graph and H be an induced subgraph of G.
We call (G, H) is superextendable if every (2,0,0)-coloring of H can be extended to a (2,0, 0)-coloring of G
such that the vertices in G — H have different colors from their neighbors in H. Let G € ¢4. An induced
k-cycle C' of G, where kﬁe 1{3, 7,9}, is bad if (G, C) is not superextended. Thus, the outer cycle in B; with
i € [6] shown in Figure 5 a bad cycle. An induced k-cycle is good if it is not bad, where k € {3,7,9}.

S
B, B, By By By By

Figure 1: Six bad cycles

Theorem 1.6 Every triangle or induced 7-cycle or induced good 9-cycle of planar graph in & is superex-
tendable.

th2 thi
Proof of Theorem 1.5 via Theorem }ﬁi Let G be a graph in ¢4. If G is triangle-free, then G is
3-colorable by the Groztch Theorem, and is naturally (2,0, 0)-colorable. Thus, assume that G has a trian%ll?.
Then every (2 g, 0)-coloring of this triangle can be superextended to the whole graph G by Theorem [L.G.

h
So, Theorem E_S follows.O

2 Reducible Configurations

All the graphs considered in this paper are finite and simple. For each v € V(G), we use d(v) to denote
the degree of v, and N(v) to denote the vertex set of neighbors of v. For a face f of G, we use V(f) to
denote the vertex set on f and d(f) to denote the degree of f. A k-vertezx (kT-vertex, k™ -verter) is a vertex
of degree k (at least k, at most k). The same notation will apply to faces and cycles. For a face f of G,
we write f = [ujug ... ug] if uy, us,. .., ux are consecutive vertices on f in a cyclic order, and we say that f
is a (d(uy1), d(u2),...,d(ur))-face. A face f is a pendent 3-face of vertex v if v is not on f but is adjacent
to some 3-vertex on f. A pendent neighbor, denoted by v’, of a 3-vertex v on a 3-face is the neighbor of v
not on the 3-face. If an edge wv is not an edge of any triangle, then u is called an isolated neighbor of v. A
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vertex is k-triangular if it is incident with k triangles. Note that G has no adjacent triangles. If a vertex is
k-triangular, then it has degree at least 2k. The boundary of the unbounded face of a plane graph is called
the outer cycle if it is a cycle.

Let C be a cycle of a plane graph G. We use int(C) and ext(C) to denote the sets of vertices located
inside and outside C, respectively. The cycle C is called a separating cycle if int(C) # 0 # ext(C), and is
called a nonseparating cycle otherwise. We still use C' to denote the set of vertices of C.

Let S1,95:,...,S5; be pairwise disjoint subsets of V(G). We use G[S1,Se,...,,5] to denote the graph
obtained from G by identifying all the vertices in S; to a single vertex for each ¢ € {1,2,...,{}. Let vy, be
the new vertex by identifying x and y in G.

A vertex v is properly colored if all neighbors of v have different colors from v. A vertex v is micely
colored if it shares a color (say i) with at most max {s; — 1,0} neighbors, where s; is the deficiency allowed
for color .

Let (G,Cp) be a minimum counterexample to Theorem E_l.lﬁl' with minimum o(G) = |V(G)| + |E(G)|,
where C is an outer cycle of the unbounded face of G that is precolored and we further assume that Cy is
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an induced outer cycle. Some earlier results from h‘M,_Eigj_éﬂated in the following lemmas since the results
of our lemmas can be proved similarly from their proofs.

Lemma 2.1 Fach of the following is true.

(1) Ewvery vertex not on Cy is a 3% -vertex.

(2) A 3-face cannot share a common edge with a 4-face in G.

(3) No two 3-facefyi7”éaG are adjacent.

(4) (Lemma 3.2 [ aThere is no separating good induced k-cycle, where k € {3,7,9}.

(5) (Lemma 3.8 A 3-vertex must be adjacent to a 5V-vertez or a vertex on Cy. Consequently, the

pendent neighbor of the S-vertez of a (3,4,4)-face in int(Cy) is a 5T -vertex or a vertex in Cy.
a
(6) (Lemma 3.9 The pendent neighbor of the 3-vertices in a (3,3,57 )-face in int(Co) is a 5T -vertex
or a vertex on Cy.

An edge e = uv is called a (ki1, ka)-chord of cycle C if u,v € C and the two paths between u,v on C' and
e form two cycles of lengths k1 and ks, respectively. Since G has no adjacent cycles of length at most five,
the following remark is straightforward.

Remark 2.1 Let C be a cycle in G.

(1) If |C] = 3,4,6, then C has no chord.

(2) If |C| =7, then C has at most one (3,6)-chord.

(3) If |C| =9, then C has at most three chords. If C has one chord, then it has a (47, k)-chord, where
k € {7,8}. If C has two chords, then C has either a (4,7)-chord and a (3,8)-chord or two (3,8)-chords. If
C' has three chords, then it has either a (4,7)-chord and two (3,8)-chords or three (3,8)-chords.

Lemma 2.2 Let C = ujus...u; be a cycle of G.

o Ifk=4,6, then int(C) = (. So there is no separating 4- or 6-cycle.

o Let k = 8. If int(C) # 0, then C is the outer face in Bg in Fig. Elglff int(C) = 0, then C has at
most two chords. Moreover, if C has one chord, then it is a (3,7)-chord or a (4,6)-chord; if C' has two
chords, then they are (3,7)-chords.

Proof. Suppose otherwise that k € {4,6} and int(D) # 0. Let G’ = G — int(C). By the minimality
of G, (G',Cp) can be superextended to a (2,0, 0)-coloring of G’. It follows that C has a (2,0, 0)-coloring.
If k = 4, let ¢’ = uywiwowsususuy and properly color wy,we, ws. If k =6, let C' = uywiusuzususug and
properly color wy. Then C’ is a precolored 7-cycle. By minimality of G, (C' Uint(C), C") is superextendable
and thus (G, C) is (2,0, 0)-colorable, a contradiction.

Now let k = 8 and assume that C is not the outer face in Bg. Assume first that int(C) # (. Then
(G- [(C),Cp) is (2,0,0)-colorable and we obtain a coloring of vertices of C. Let C" = ujwiusugususugurus



and properly color w;. By minimality of G, if C’ is not one of outer faces in By, ..., Bg in Figure 1, then
(C"Uint(C),C") is superextendable and thus (G, C) is (2,0, 0)-colorable, a contradiction. Thus, C’ is one
of the outer faces in By, ..., Bs. Since G has no 5-cycle, w; cannot be on a 6-cycle. Thus, C’ can only be
in B4 or Bs, and before adding wy, C' must be the outer face in Bg, a contradiction. Now let int(C) = 0. If
C has a (3,7)-chord, then another possible chord of C' can only be a (3,7)-chord; if C has no (3, 7)-chord,
then the only possible chord is a (4,6)-chord. ll

Lemma 2.3 If P = zyz is a path with x,z € Cy and y € int(Cy), then xz € E(G).

Proof. Suppose otherwise that xz ¢ E(G). Let P, and P; be the two paths between z and z on Cy,
C; = P,UP and G; = int(C;) for i = 1,2. Then |C;| > 4 for i = 1,2. We may assume that 4 < |Cy| < |Cy].
Since |Cy| 4 |C2] < 13 and G has no 5—cycles,rJlg1| € {4,6}. o0 .

Assume first that |C’1|1e:1 4. By Remark bT(l) and Lemma b?ZCl is a 4-face. Since |Cy| € {3,7,9},
|C2] € {7,9}. By Lemma b?[(l)7 d(y) > 3. Let ¢’ be a neighbor of y rather than z and z. Since G contains
no 5-cycle or K, y' ¢ Cp. So all neighbors of y are in int 1C’g) By Lemma 2.1(4), Cy must be a bad 9-cycle.
If d(y) > 4, then Cs is the outer face in Bs in Figur%el, which implies that a 3-neighbor y’ € int(Cy) of y
has no 5 -neighbors in int(Cp), contrary to Lemma 2.1(5). Thus, d(y) = 3. Since G has no 5-cycle or K,
C5 is not in By, By, Bs or Bg. If y is in By, then Cj is the outer face of By, a contradeilction. If y is in Bg,
then G contains a 3-vertex in int(Cp) that has no 5*-neighbors, contrary to Lemma 2.1(5).

Thus, |Cy| = 6. Sincellgod € {7,9}, |Cs| = 7. Since G contains no separating 7-cycle, y has no neighbor
in int(Cs). By Lemma 2.2, y has no neighbor in int(Cy). Since d(y) > 3, a neighbor (say y’) of y must
be on P; or P,. But since G has no 5-cycle or K, yy' must be a (3,6)-chord on Cy, which implies a By
containing C as outer face, a contradiction. Il

Lemma 2.4 If P = wayz is a path with w,z € Cy and x,y € int(Cy), then wz € E(G).

Proof. Suppose to the contrary that wz ¢ E(G). Let P, aniiePQ be the two paths between w and z on
Cy, C; = P;U P, and G; = int(C;), where i = 1,2. By Lemma 2.1(1), d(z) > 3 and d(y) > 3 and let =’ be
a neighbor of x other than w,y and y’ be a neighbor of y other than x,z. Then |C;| > 6 for i = 1,2 since
G has no 5-cycles. We may assume that 6 < |Cy| < |Ca|. Since |Cy| + |Ca| = |Co| + 6 < 15, |Cy] € {6, 7}.
We consider the following two cases. 1600

We first assume that |C4] = ?éo]g)y Lemma bTT,Cl is a face. In this case, |Cs| € {6,7,9 é1If |C3| = 6, then
(5 is also a 6-faces by Lemma 553" Tt follows th%gld(x) = d(y) = 2, contrary to Lemma 2.1(1). If |Cy| =7,
then C hag at most one (3,6)-chord by Lemma bT(Zl) It follows that either d(x) = 2 or d(y) = 2, contrary
to Lemma bT(l) Finally, assume that |Ca| = 9. If C5 is good, then Cs has two (2, 8)-chords. In this case,
Cy has one bad partition of B4 and Bs, a contradiction. Thus, assume that Cs has a bad partition. Since
both x and y are 3"-vertices, C has no bad partition Bz. If Cy has the bad partition Bi, then Cy has a
bad partition Bs, a contradiction. If Cy has one bad partition of Bs, By, Bs, then G has a 3-vertex z’ in
int(Cp) which has no 5-neighbor in int(Cp) nor a neighbor on Cp, contrary to Lemma > (2).

We now assume that |Cy| = 7. Then C is good and at most one (3, 6)-chord. In this case, |C3| = 8. By
Lemma bTZTCQ has a bad partition Bg or Cs has at most two chords. In the former case, if C; has no chord,
then G }:IL%Sl a 3-vertex 2’ in int(Cp) which has no 5T-neighbor in int(Cp) nor a neighbor on Cy, contrary to
Lemma bf[(?); if C; has one (3,6)-chord, then Cj has the bad partition Bs, a contradiction. In the latter
case, since both z and y are 3™ -vertices and C; has at most one (3, 6)-chord and C5 has at most two (3, 6),
C) has the bad partition By, a contradiction.

Lemma 2.5 (1) If P = vwayz is a path with v,z € Cy and w,z,y € int(Cy), then P and one of the two
paths of Ci’(l between v and z form a k-cycle, where k € {6,7}.

(2) NIf P = wowzyz is a path with u,z € Cy and v,w,x,y € int(Cy), then P and one of the two
paths between u and z form a k-cycle, where k € {6,7,8,9}.

Proof. (1) Let P; and P, be the two paths between w and z on Cy. For i = 1,2, let C; = P, U P,
and G; = int(C;). By way of contradiction, we assume that 8 < |C;| < |Cs3|. By Lemma 24, we may



assume thatlg%“,wy,xz,vy,wz ¢ E(G). Since |Cy] + |Co| < |Co| + 8 < 17, |C1| = 8 and |Cs| € {8,9}.
By Lemma h(l), min{cllg(:)v ,d(y),d(w)} > 3, let 2/,y',w’ be a neighbor of z,y,z not in {v,w,z,y, z},
respectively. By Lemma bT?C’l is the outer face in Bg or C7 has at most two chords.

First let |C3] = 8. Then C; or C5 contains z’,y’ or w’, so at least one of them is the outer face in Bg.
If 2’ is not on Cl’%bothen z' is in a Bg, but then 2’ has no 5T-neighbors. So z’ must be a vertex on Cj,
and by Lemma bT,x’ can only be on a (4,6)-chord. We may assume that C; contains this (4, 6)-chord.
This implies that w’ cannot be on a (3,7)- or (4, 6)-chord, so it is in int(Cy), then Cy is the outer face of
a Bg. But then G contains a 5-cycle which is formed by the 4-cycle containing ' and a triangle of Bg, a
contradiction.

Thus, assume that |Cy| = 9. First let 2’ be a vertex on Cy. Then 2’ is on (4, 6)-chord, we may assume
that 2’ is next to v on Cy. If 2’ € Py, then ww’ cannot be on a chord of Cy, so w’ € int(Cy), thus C; must
be the outer face of a Bg. It follows that vw is on a triangle, which together with the 4-cycle containing
xzz’ forms a 5-cycle, a contradiction. If 2/ € Py, then C' = 2/, z,y, z, Py, v is a 9-cycle so that w € int(C’).
Then C’ must be the outer face of B; for some ¢ € [5], which contains a 4-cycle wzz'v. So C’ is on Bs. Now
y’ cannot be on Cj or int(Cy), a contradiction. So we may assume that 2’ € int(Cy). If 2’ € int(C4), then
(1 is the outer face of Bg, so x € int(Cp) and z has no 5T-neighbors or neighbors on Cy, a contradiction.
So let 2’ € int(Cy). Then Cy is the outer face of B; for some i € [5]. Then again, x has no 5™ -neighbors or
neighbors on Cy, a contradiction. Hll

We now give two useful technique lemmas on identifying vertices.

Lemma 2.6 Let the neighbors of a k-vertex v € int(Cy) be v1,va,...,vx in the clockwise order in the
embedding of G with viy1 = vy and k > 4. Let v; and vj be two nonconsecutive neighbors of v. If G is the
graph obtained by identifying v; and v; of G — v, where i < j, then G’ € G.

Proof. Since v; and v; are tvxéo nonconsecutive neighbors of v, v; is not adjacent to v; since G has no
separating 3-cycle by Lemma 2.I. By Lemma 2.3, at least one of v; and v; is not on Cy. Thus, we do not
identify two vertices of Cy. We first show that G’ has no chord. Suppose otherwise that G’ has a chord.
Then the chord contains the vertex Yuiv;- This implies that there is a 3-path v,vv;u (or vjvvu), vvher%efa())i0
(or v;) and u are on Cy. By Lemma 2.4, v;v;u (or vjov;u) is a 4-cycle and v; 41 is it, contrary to Lemma 2.2,

Finally, we show that no k-cycle with £ < 5 contains the Vertexlgfivj. Suppose otherwise. If k = 3, G
contains a separating 5-cycle containing v;vv;, CODtI]‘_%IO‘X to Lemma ET If k = 4, then G contains a 6-cycle
containing v;vv; with v;4q 11% 1it, contrary to Lemma bf If £ = 5, G contains a separating 7-cycle containing
v;0v;4, contrary to Lemma bT [ |

Lemma 2.7 Letv € int(Cy) be a 3-triangular T-vertex or a 4-triangular 8-vertex with N[vg] C int(Cy). Let
V1,2, ..., U be the neighbors of v € int(Cy) in the clockwise order in the embedding of G with vig11 = v1.
Let v; and v; be two nonconsecutive 3-neighbors of v such that v; and v; are on two distinct 3-faces, let v}
and v§ be the outer neighbors of v; and v;, respectively. Let G’ be the graph obtained by identifying v; and
v of G —{v,v;,v;}. Then G" € G if one of the following holds.

(1) k="7,8, j =i+4 and [v;vv;11] and [vjvvj11] are both 3-faces.

(2) k=7, j =1+ 3 and [v;vvi41] and [vj_1vv;] are both 3-faces.

Proof. We first show that at most one of v}, v} is on Cp. For otherwise, by Lemmaléi% (1), thelrgoios a 6-
or 7-cycle containing v; and v, and the cycle is separating, a contradiction to Lemma h(él) and bT This
implies that we do not destroy the cycle Cy by identifying vertices.

Now we show that the identification creates none of the following: a chord on Cy, a 5-cycle, a K, or
two adjacent 4-cycles. Suppose otherwise. We first claim that there is k-cycle of length at most 9 containing

v}, Vi, v, vj, V5. Indeed, if a chord on Cj is created, then we may assume that v; € Cy and vj is adjacent to
/
VR
If G’ contains a 5-cycle, a K, or two adjacent 4-cycles. So the resulting vertex v" must be a vertex on a
5-cycles, K, or adjacent 4-cycle in G'. It follows that there is a path, say P of length at most five between

v; and v} in G — {v,v;,v;}. Then P together with v, v;,v;, v}, v} forms a cycle of length at most 9 in G.

2
a vertex, say u, on Cy. By Lemma b‘??), there is k-cycle of length in {6,7,8,9} containing v}, v;, v, v, v}, u.
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Let the k-cycle with & > 9 be C. Then C is a separating cycle. By Lemma 2.T (4) and Lemma b.?, C
must be a 8-cycle that is the outer face of Bg or is a 9-cycle that is the outer face of B; with i € [5]. Since
v is on C and v has degree at least four inside or outside C'; C' can only be the outer face of Bs, in which v

is the 4-vertex that is adjacent to a triangle. But the conditions we have chosen forbid this possibility.
Therefore, G’ € G. R

From now on, let Fj, = {f: fis a k-face and b(f) NCo = 0}, F|, = {f : f is a k-face and |b(f) N Cy| =
1}, and F}' = {f: fis a k-face and |b(f) N Cy| =2}, F}” ={f : [ is a k-face and |[b(f) N Cy| = 3}.

Lemma 2.8 (1) If f = [uxvy] is a 4-face and [{u,v} N Cy| < 1, then Gl{u,v}] € 4.
(2) There is no 4-face from Fy.
(3) There is no (4=,3%,47,3%)-face f with b(f) N Co = 0.

Proof. (1) Since G has no 5-cycle, there is no 3-path joining u alllglo o It follows that no new triangle is
created in G[{u,v}] and hence G[{u,v}] has no K, . By Lemma ﬁthere is no 4-path joining w and v.
Thus, no new 4-cycle is created in G[{u,v}] and hence G[{u,v}] has no adjacent 4-cycles. If G[{u,w}] has
a 5-cycle, then G has a 5-path P’ joining v and v. If one of z and y is in P’, then b(f) U P’ has a 5-cycle,
a contradiction. S({,elac,y ¢ V(P’), and hence either P’ U uzv or P’ Uuyv is a separating 7-cycle; both
contradict Lemma BT (4). Therefore, G[{u,v}] € 4.

(2) Suppose otherwise that f = [uvwz] is a 4-face from Fj such that b(f) N Cy = {u}. Let Cp =
[vive ... vk], where k € {3,7,9}. We assume, without loss_of generality, that v = v;. Since G has no
adjacent 4-cycles, w is not adjacent to ve nor vi. By Lemma 2.4, w is not adjacent to any vertex of vz, v4, vs
and vs. By (1), G[{u,w}] € 4. By the minimality of (G, Cy), (G[{u,v}],Cy) is superextendable. By the
definition of superextendability, the color of u is different from the colors of v and z. Thus, we color w with
the color of u and get a desired (2,0, 0)-coloring of G, a contradiction.

(3) Suppose otherwise that f = [uvwz] is a (47,3%,47,3")-face of G. Let H = G[{v,z}]. As in the
proof of (1), H € 4. By the minimality of G, H is (2,0, 0)-colorable. We now extend the (2,0, 0)-coloring
of H to a (2,0,0)-coloring of G. We color v and x with the color of v,,, and keep the colors of the other
vertices of H. The (2,0, 0)-coloring of H cannot be extended to a (2,0, 0)-coloring of G if and only if each of
Vyz, U (Or w) and one neighbor of u (or w ) are colored with 1 in H. We assume, without loss of generality,
that each of v,;, u and one neighbor of u are colored 1. In this case, we can properly recolor u. So, we
obtain a desired a (2,0, 0)-coloring of G, a contradiction. ll

Lemma 2.9 Let |Cy| = k, where k = 3,7,9.

(1) If f is a 3-face, then |b(f) N Co| < 2. If |Co| = 3, then |b(f) N Coy| < 1.
(2) Let f be a 4-face. If b(f)NCoy # 0, then |b(f) N Co| = 2.

Proof. (1) Since Cy is an induced cycle, Cy has no chord. Thus, |b(f) N Co| < 2. If |Cy| = 3, then
|b(f) N Cp| < 1 since G has no adjacent 3-cycles. Leia

(2) Assume that b(f) N Cy # 0. Since Cp is an induced cycle, |b(f) N Cy| < 3. By Lemma W(Q),
|b(f) N Cy| > 2. So we just need to show that |b(f) N Cy| # 3. Assume that |b(f) N Cy| = 3. Then f has
three consecutive vertices on Cp, say v1,vs,vs. Now v; and vz have a common neighbor in int(Cp), so by
Lemma 2.3, vjv3 € E(G), which implies that we have a K, a contradiction. ll

We call a (3,4, 4)-face or (3,3,57 )-face in F3 light. A 3-vertex is light if it is on a light 3-face.

1LY15a
Lemma 2.10 (Lemma 3.101[1{]] Let f = [uvw] be a light 3-face with d(u) = 3 and let v’ ¢ Cy be a pendent
neighbor of u. Then a (2,0,0)-coloring of (G — {u,u’'}, Cy) can be extended to the desired coloring of G —u’
such that u is colored with 1.

Let f = [uvw] be a (3, 3, k)-face such that b(f) N Cy = 0, where k > 5. A face f is poor or semi-poor if
it has two or one pendent 4~ -neighbors in int(Cp) at u and v, respectively. It is called rich if it is not poor
or semi-poor. Sometimes, we also say that f is non-rich if it is poor or semi-poor.



14
Lemma 2.11 (Lemma Ié%ﬁ Let f = [uvw] be a poor or semi-poor (3,3, k)-face of G with d(w) =k, and
u’ the pendent 4~ -neighbor of u. If G' = G — w has a (2,0,0)-coloring ¢ that is a superextension from Cy
to G'. Then G’ also has a (2,0,0)-coloring ¢ that is also a superextension of ¢ from Cy to G', such that

dalx) = d(x) if v ¢ {u,u,v} and o ¢ {Po(u), Pa(v)}), where a € {2,3}.
4 le15
Here we summarize some results obtained in %’by applying Lemma bTI
Lemma 2.12 Let v be a k-vertex in int(Co) with k > 5.

(1) (Lemma 15 @ if k=5, then v cannot be incident with 4 light pendent 3-faces.

(2) (Lemma 18 If v is a 3-triangular 8-vertex and incident with three poor or semi-poor (3,3, 8)-faces,
then v is not incident with light 3-vertices.

(3) (Lemma 17 If a 9-vertex is incident with four (3,3,9)-faces, then at least one of them is rich.

(4) (Lemma 16 If a 10-vertex is incident with five (3,3,10)-faces, then at least one of them is rich.

Lemma 2.13 Let v be a 5-vertex with neighbors v;, 0 <1 <4, in a cyclic order. Then

(1) If v is incident with a (3,4,5)-face and adjacent to three pendent 3-faces, then it can be adjacent to at
most one pendent light 3-face.

(2) (Lemma 24(2), Let v be a 1-triangular 5-vertex. If v is incident with a (3,57, 5)-face, then it can
be incident with at most two light 3-faces.

(3) (Lemma 25, Pf%ﬁ Let f1 = [vov1v] and fa = [vausv] be two 3-faces. If both fi and fa are (3,47, 5)-faces,
then vy is a 41 -vertex.

Proof. (1) Suppose to the contrary that v is incident with a (3,4, 5)-face f = [vpvv;] with d(v1) = 4 and
adjacent to two pendent light 3-faces. We first assume that [vaz1x2] is a pendent light 3-face. In this case,
[vszsza] or [vaxsze] is a pendent 3-face. We prove the case that [vaxsx6] is a pendent light 3-face. The
proof is similar for the case that [vsz3z4] is a pendent light 3‘f%§f2' Denote by G’ the graph obtained from G
by deleting v, vy, v2, v4 and identifying v; and v3. By Lemma b]fG’ € 4. By the minimality of G, (G, Cy)
is superextendable and G’ has a (2,0,0 —eci)oloring. We now go back to color the vertices of G. We keep the
colors of all vertices of G’. By Lemma 2.10, we assign 1 to both ve with vy. We assume first that v,,,, is
colored with 1. We color both v; and vz with 1, and properly color vg and v. Thus, we get a (2,0, 0)-coloring
of G, a contradiction. Thus, by symmetry, assume that v,,,, is colored with 2. We properly color vg. If vy
is colored with 1, then properly color color v, a contradiction. Thus, assume that vg is colored with 3. In
this case, let v} and v} be the two neighbors of v; rather than v; for ¢ = 2,4. If both v} and v}’ are both
colored with 1, then recolor v; properly for some i € {2,4}. Otherwise, keep the color of v; unchanged.
Thus, we can color v with 1, a contradiction.

Thus, assume that [vex125] is not a light face. In this case, let G’ be the graph obtained from G by
deleting v, vg, v2,v3 and identifying v; and vy. By Lemma 2.6, G’ € 4. By the minimality of G, (G', C))
is superextendable and G’ has a (2,0, 0)-coloring. We now go back to color the vertices of G. We keep the
colors of all vertices of G'.

lel0

We assume first that v,,,, is colored with 1. We color both v; and v4 with 1. By Lemma b.TO, we
assign 1 to vs. We properly color vg and ve. If both vy and vy are colored 2 or 3, then properly color v, a
contradiction. Thus, assume that vy and vy are colored 2 and 3, respectively. Let v} and v} be the neighbors
of v rather than v and vy and let v} and v} be the two neighbors of vy rather than v. If both v} and v
are colored 1, then recolor v; with 3, and then color v with 1, a contradiction. Thus, assume that at most
one of v] and v/ is colored with 1. In this case, we properly recolor vs and vy. If at most one of v3 and vy
is colored with 1, then color v with 1, a contradiction. Thus, assume that both v3 and v4 are colored with
1. Let v}, be the neighbor of vy rather than v and v,. Note that vg is properly colored 2. If v} is colored 1,
then recolor vy with 3 and then color v with 1; if v} is colored with 3, then recolor vy with 1, color v with
2. We get a contradiction in each case.

Next, we assume that v,,,, is colored with 2 by symmetry. We recolor v properly. If each of vy, ve,v3
is colored with 1, then color v with 3, a contradiction. If at most two of vy, vo,v3 are colored with 1, then
color v with 1, a contradiction.



Lemma 2.14 (Lemma 30, Pf’b!f) Let v be a 5-vertex with neighbors v;, 0 < ¢ < 4, in cyclic order. If
f1 = [vov1v] 4s a (3,5T,5)-face, fo = [vawzv] is a (3,4,5)-face, and vy is a light 3-neighbor of v, then the
pendent neighbor of the 3-vertex of fa is a 3" -vertex on Cy or a 5T -vertexz.

Lemma 2.15 Let v be a 6-vertex with neighbors v;, 0 < i < 5. Then each of the following holds.

(1) If v is a 1-triangular 6-vertex incident with one non-rich (3,3,6)-face, then it is incident with at most
two pendent light 3-faces.
(2) v is incident with at most one non-rich (3,3, 6)-face.

Proof. (1) Let fi = [upv1v] be a (3,3,6)-face. Suppose otherwise that velig incident to three pendent light
3-faces fo = [vavhvh], f3 = [vsvivd] and fy = [vgv)v)]. By Lemma B2.10, (G — {v,v2,v3,v4},Cp) has a
(2,0, 0)-coloring which can be extended to a (2,0,0) of G — v such that each of vo, v3 and vy is colored with
1. If vs 1igl(éolored with 1, then we may assume that vy and v; are colored with 1 and 2, respectively, by
Lemma bTI Thus, we can color v Wﬂ]]_hlé, a contradiction. Next, we may assume that v is colored with 2
by symmetry of 2 and 3. By Lemma b%fI, G — v has a (2,0,0)-coloring such that each of vy and v; is not
colored with 3. Thus, we can color v with 3 and obtain a desired (2,0, 0)-coloring of G, a contradiction.

(2) Suppose otherwise that v is incident with two non-rich (3, 3,6)—fa1%els2 f1 = [vov1v] and fo = [vavsv].
Let G’ be the graph obtained from G by deleting vertex v. By Lemma EIT,G’ € 4. By the minimality of
G, the (2,0, 0)-coloring of Cjy can be superextended to G’. We claim that v4 and vs are colored with 21211(15(1
3, respectively. Suppose otherwise that by symmetry none of v4 and vs is colored with 2. By Lemma 2.1T,
the coloring (2,0,0) of Cy can be superextended to G’ such that none of vy and vy is colored with 2 and
so neither of vy and v3. In this case, v can be colored with 2,121 gontradiction. Thus, assume that vy is
colored with 2 and vs is colored with 3. Now, applying Lemma 2.1 again, vy and v; colored with 1 and 3,
respectively, and vy and vs are also colored with 1 and 3, respectively. In this case, at most two neighbors
of v are colored with 1. Thus, we can color v with 1, a contradiction. Il

Lemma 2.16 If v is a 2-triangular 6-vertex with neighbors v;, where 0 < ¢ < 5, and f; = [vov1v] s a
(3,3,6)-face, then each of the following holds:

1
(1) (Lemma 28(1), %]47 If f2 is a (3,4, 6)-face or (3,3, 6)-face, then at least one of the isolated neighbor of
v is a 4T -vertex, "
(2) (Lemma 28(2), %7‘) If f is a (3,57,6)-face, then at most one of the isolated neighbor of v is a light
3-vertez.

Lemma 2.17 Let v be a 6-vertex with neighbors v;, where 0 < i < 5. If v is a 2-triangular or 3-triangular,
then v is incident with at most one non-rich (3,3,6)-face.

Proof. Suppose otherwise that v is incident with two non-rich (3, 3, 6)-faces f1 = [vgv19] 1821119 f2 = [vavsv].
Denote by G’ the graph obtained from G by deleting v,vg,v1,v2 and v3. By Lemma b@f G' € ¥. By
minimality of G, G’ is (2,0, 0)-colorable. Now we go back to color the vertices of G. We only prove the case
that v is a 2-triangular 6-vertex. The proof is similar for the case that v is a 3-triangular 6-vertex. If v4 and
v5 are both col(ér%d with 1 or 2, then vg and v; can be colored with 1 and 2, respectively, and so can v, and
vz by Lemma 2.TT. In this case, v can be colored with 3, a contradiction. If v, and vs are both cglgred with
3, then vy and v; can be colored with 1 and 3, respectively, and so can vy and vz by Lemma 2.TI. In this
case, v can be colored with 2, a contradiction. If v4 and vs are colored with 1 and_2, respectively, then vg
and vy can be colored with 1 and 2, respectively, and so can vo and vz by Lemma 2.TT. In this case, v can
be colored with 3, a contradiction. If v4 and vy are colored with 1 and 1?2,1gespectively7 then vy and v, can
be colored with 1 and 3, respectively, and so can vy and vz by Lemma bTI In this case, v can be colored
with 2, a contradiction. If v4 and v5 are colored with 2 andlzisrespectively, then vg and vy can be colored
with 1 and 2, respectively, and so can vy and vs by Lemma bTI In this case, v can be nicely colored with
1, a contradiction. H

Lemma 2.18 Let v be a 3-triangular 6-vertex with neighbors v;, where 0 < i < 5. Let f1 = [vov1v] be a
(3,3,6)-face, fo = [vavsv] and f3 = [vgvsv]. Then each of the following holds.



(1) (Lemma 29(2), 14 If fo is a (3,3,6)-face, then f3 has no 3-vertex.

(2) (Lemma 29(1), At most one of fo and f3 is a (3,47, 6)-face.

(3) (Lemma 29(3), [6]) If f2 is a (3,4,6)-face and f3 has a 3-vertex, then either fi is rich or the outer
neighbor of the S-vertex of fy is either a 3T -vertex on Cy or a 51 -vertex.

Lemma 2.19 Let v be a T-vertex with neighbors v;, 0 < i < 6. Then

(1) Ifwv is 2-triangular and incident with two non-rich (3,3,7)-faces, then at most one of the three isolated
S-vertices is a light 3-vertex.
(2) If v is 8-triangular, then v is incident with at most one non-rich (3,3,7)-face.

Proof. (1) Let f1 = [vovv1] and fo = [vavvs] be two non-rich (3,3, 7)-faces. Suppose to the contrary that,
vy and vy are two light 3-vertices. Denote by G’ the graph obtained from G by deleting v. By Lemma 2.6,
G’ € G. By the minimality of G, G’ has a (2,0,0)-coloring. Now we extend thelg%;(), 0)-coloring of G’ to
a (2,0,0)-coloring of G. Assume first that vg is colored with 1 or 2. Bleg%nma b.TI, we can recolor vg, vy
with 1 or 2, respectively, and so can ve and vs, respectively. By Lemma b.TU, we can recolor both vy and vs
with 1. Th%g’l e can color v with 3, a contradiction. Thus, assume that vg are colored with 3. In this case,
by Lemma ;LT we can recolor vy, v1 with 1 and 3, respectively, and recolor vo, v3 with 1 and 3, respectively.
By Lemma bTU, we can recolor both v4 and vs with 1. Thus, color v with 2, a contradiction.

(2) Let f1 = [vovvy], fo = [vavvs] and f3 = [vsvvs]. Suppose otherwise that two of fi, fo and f3 are
non-rich (3,3,7)-faces. We only prove the case that fi; and fo are two non-rich (3,3, 7)-faces. The proof
is similar for the cases that f; and f5 are two non-rich (3,3, 7)-faces and that fo and f3 are two non-rich
(3,3, 7)—flzigiezs. Denote by G’ the graph obtained from G by deleting v and then identifying vy and vg. By
Lemma 2.6, G’ € G. By the minimality of G, G’ has a (2,0,0)-coloring. We now go back to color the
vertices of G. We color each of vs and vg with the color of vy, .

We first assume that v,,,, is colored with 1. If vs is colored with 1 or 2, then we can color vy and v
with 1 and 2, respectively, and recolor v and vs with 1 and 2, respectively, I?L}él%emma .I1. In this case,
we color v with 3, a contradiction. If vs is colored with 3, then by Lemma b._fI, we can color vy and v,
with 1 and 3, respectively, and recolor vy and v3 with 1 and 3, respectively. In this case, we color v with
2, a contradiction. Thus, we assume that v,,,, is colored with 2 by syllgrligetry of 2 and 3. In this case, vs
cannot be colored with 2. If v5 is colored with 3, then by by Lemma b.TI, we can color vy and v; with 1
and 3, respectively, and recolor v and vs with 1 and 3, respectively. In thligl%ase, we can nicely color v with
1, a contradiction. Thus, assume that vs is colored with 1. By Lemma b.TI, we can color vy and vy with
1 and 2, respectively, and recolor vy and vz with 1 and 2, respectively. In this case, we color v with 3, a
contradiction. Hll

1
Lemma 2.20 (Lemma 26 (1), %]AL) Let v be a 4-triangular 8-vertex with neighbors v;, 0 < ¢ < 7. If all
incident 3-faces of v are (3,3,8)-faces, then v is incident with at most two non-rich (3,3, 8)-faces.

3 Discharging procedure

thi
In this section, we will finish the proof of Theorem h_G’ by a discharging argument. Let the initial charge
of vertex u € G be p(u) = 2d(u) — 6, and the initial charge of face f # Cy be u(f) = d(f) — 6, and

/L(Co) = d(Co) + 6. Then
S owlw)+ D> ulf) =0

ueV(G) fEF(G)

We first give some more definitions here. A 5-vertex v is bad if it is incident with a (3,4, 5)-face and a
(3,5,5%)-face, and the isolated neighbor of v is a light 3-vertex. A 6-vertex v is bad if it is incident with a
(3,3,6)-face, a (3,4,6)-face and a (3,5%,6)-face. The discharging rules are as follows.

(R1) Let u be a vertex not on Cj.

(R1.1) Every 4-vertex u gives 1 to each incident 3-face.



(R1.2) Every 5-vertex u gives 2 to the incident (3,5,5%)-face and 1 to the incident (3,3,5)-face and
(47, 4% 5)-face. Moreover, u gives 1 to each light pendent 3-faces and % to each other pendent
3-faces. The vertex u gives 3 to the incident (3,4,5)-face if it is bad and 2 to the incident

(3,4, 5)-face otherwise.

(R1.3) Every k-vertex u with k > 6 gives 2, %, and 3 to the incident (3,3, k)-face if it is rich, semi-
rich and poor, respectively. The vertex u gives % to the incident (3,5%, k)-face, and 1 to other
incident 3-face. Moreover, u gives 1 to each light pendent 3-face and % to each other pendent
3-face. Every 7T-vertex gives 2 to the incident (3,4, k)-face. Let u be a 6-vertex. If u is bad,
u gives 3 to the incident (3,4, 6)-face if u is not incident with a rich (3,3, 6)-face and 2 to the

incident (3,4, 6)-face otherwise. If u is not bad, it sends 2 to the incident (3, 4, 6)-face.

(R1.4) Every 5T-vertex u gives 1 to each incident (47,47,57,5%)-face, and gives 2 to each incident
(4=,5%,5T,5T)-face, and gives 3 to each incident (5%,5%, 5%, 5%)-face.

(R2) Cy gives 3 to each face in Fj U F¥', 2 to each face in Fy', and 1 to each pendent 3-face.
(R3) Every 6T-face f (f # Cp) sends d(f) — 6 to Cp and every vertex u € Cy gives 2d(u) — 6 to Cp.

We shall show that each x € V(G) U F(G) \ {Co} has final charge p*(x) > 0, and p*(Cy) > 0.

First we consider faces. By (R3), for each 67-face f (f # Co), u*(f) = 0. Since G (ltgéltains no 5-faces,
we first consider 3-faces and 4-faces other than Cy. Let f be a 3- or 4-face. By Lemma b?g, [b(f) N Co| < 2.
If |b(f) N Co| > 1, then by (R2), pu*(f) = 0; Thus, we may assume that b(f)NCo=0.

If f is a 4-face in Fy, then by Lemma bT(?)), f contains at least two 5T -vertices, then f gains 2 from
the 5T -vertices by (R1.4), so pu*(f) = 0.

Let f be a 3-face in F3. Let f = [uvw] with degree sequence (dy, ds, d3).

(1) fis a (3,3,57)-face. If f is a (3,3,5)-face or (3,3,4)-face, then by Lemma %%(5) (6), each of the
pendent neighbor of f is either a 5T-vertex or on Cy. Then f gets 1 from each of the pendent neighbor
of f by (R1.2.1) and (R1.3.1), and at least 1 from the incident 4*-vertex by (RI.R,1 and gets 1 from Cy
by (R2). Thus, p*(f) >3—-64+1x3=0. If f is a (3,3, 3)-face, then by Lemma h(5) and (6), each of
the pendent neighbor of f is either a 5T-vertex or on Cy. In this case, f gets 1 either from each of the
pendent neighbor of f by (R1.2.1) and (R1.3.1) or from Cj by (R2). Thus, p*(f) >3—-6+1x3=0.

(2) fisa (3,3,6%)-face. By (R1.3.1), f receives 2 or 2 or 3 from w if it is rich or semi-rich or poor. If
a pendent neighbor of a 3-vertex is on Cp, then Cy gives 1 to f by (R2). This implies that p*(f) >
3—6+4+142=0. Thus, we assume that no pendent neighbor of 3-vertex is on Cy. If f is poor, then
w sends 3 to f. Thus, u*(f) >3 —6+4+3 =0. If f is semi-rich, then there exists exactly one pendent
neighbor of a 3-vertex is a 5T-vertex, which sends % to f by (R1.2.1) and (R1.3.1), also w sends g to f
by (R1.3.1). Thus, p*(f) >3 -6+ % + % = 0. Now we assume that f is rich, each pendent neighbor of
the two 3-vertices is a 5F-vertex. By (R1.2.1) and (R1.3.1), each of them gives 3 to f, also w sends 2

2
to f by (R1.3.1). Thus, p*(f) >3 -6+2+2x 5 =0.

(3) fisa(3,4,4)-face. By Lemma %.%(5)(6), the pendent neighbor u’ of 3-vertex u is either on Cy or is a
5T-vertex. In the former case, u’ gives 1 to f by (R2). By (R1.1), each of v and w sends at least 1 to f.
Thus, p*(f) >3 -6+ 1x3=0. In latter case, f is a light pendent 3-face. By (R1.2.2) and (R1.3.1),
u’ sends 1 to f. By (R1.1), f gets 1 from v and w respectively. Thus, pu*(f) >3 —-6+1x3=0.

(4) fis a (3,4,5)-face. If w is not a bad vertex, then by (R1.1), (R1.2.1), v senc}gl%ato f and w sends 2 to
f. Thus, p*(f) > 3—6+1+2 = 0. Thus, assume that w is bad. By Lemma 2.14; the pendent neighbor
of u is a 3T-vertex on Cj or a 5T -vertex z. In the former case, by (R1.1), (R1.2.1) and (R2), f gets 1
from v, gets 2 from w and gets 1 from the 3-vertex on Cy. Thus, p*(f) >3—6+1+2+1 > 0. In the
latter case, by (R1.1), (R1.2.1), f gets 1 from v, gets % from w and gets % from the 5'-vertex which is
the pendent neighbor of w. Thus, p*(f) >3 -6+ 1+ % + % =0.
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(5) fisa(3,4,6)-face. If w is not a bad vertex, then by (R1.1) and (R1.3.1), v sends 1 tciejfsand w sends
2 to f. Thus, p*(f) >3 -6+ 142 = 0. Thus, assume that w is bad. By Lemma b.TS, either w is
incident with a rich (3, 3, 6)-face or the pendent neighbor of u is a 3*-vertex on Cy or a 5T -vertex. If w
is incident with a rich (3,3, 6)-face, then w gives 2 to f by (R1.3.1) and v sends 1 to f by (R1.1). Thus,
w*(f) > 3—6+1+2 = 0. If the pendent neighbor of u is a 3*T-vertex on Cp, by (R1.1), (R1.3.1) and (R2),
f gets 1 from v, gets 2 from w and gets 1 from the 3*-vertex on Co. Thus, p*(f) > 3—6+1+2+1> 0.
If the pendent neighbor of u is a 5'-vertex, then f gets 1 from v, gets % from w and gets % from the
5F-vertex which is the pendent neighbor of u by (R1.1), (R1.3.1). Thus, p*(f) >3-6+1+3+1 =0.

(6) fisa(3,4,7")-face. By (R1.1), (R1.3.1), v sends 1 to f and w sends 2 to f. Thus, u*(f) > —3+1+2 = 0.

(7) fis a (3,35+,5+)—face. By (R1.2.1) and (R1.3.1), each of v and w sends 3 to f. Thus, p*(f) >

(8) fisa (41,47 4%)-face. By (R1.1), (R1.2.1) and (R1.3.1), f gets at least 1 from each of u, v and w.
Thus, p*(f) > -3+ 1x3=0.

Now we consider vertices. By (R3), for each vertex u € Co, p*(u) = 2d(u) — 6 — (2d(u) — 6) = 0. So
we only need to consider vertices in int(Cp). By Lemma b?[, int(Cp) contains no 2~ -vertices. For u & Cy,
let p,q,t be the number of incident 4-faces pendent 3-faces, and incident 3-faces of u, respectively. Let ¢/
be the number of rich (3,3, d(u))-faces and (3,4", d(u))-faces and let ¢’ be the number of non-light pendent
3-faces and neighbors not on 3-faces. Since G contains no, 5-cycle, K , or adjacent 4-faces, we have

2p + g+ 2t < d(u). (1)
If d(u) = 3, by the discharging rules p*(u) = p(u) = 0. Thus, we consider d(u) > 4.
Lemma 3.1 Every 7T -vertex in int(Co) has nonnegative final charge.

Proof. Let u € int(Cp) with d(u) = k > 7. By (R1.3), we have

1 1
pi(u) 2 2d(u) =6 = (p+q+3t —t' = 5¢') = 2d(u) =6 = (2p+q +20) =t + ' +p+ 3¢

2

1 d(u 1 d(u 1
>d(u) =6 —t+t'+p+ 3¢ >du) -6 L%J +t'+p+5d = {%1 —6+1"+p+ 54
. % Lo . .
So p*(u) > 0 if d(u) > 11. If d(u) € {9,10}, then by Lemma 2.12 (3) and (4), w is incident with a rich
(3,3, k)-face or a (31,47, k)-face, that is, ¢/ > 1. So p*(u) > 5—6+1 = 0. Now let d(u) = 8. Then
1e22 Le24 p , .
by Lemma b?O and Lemma 2.12 (2), t < 2, or t = 4 and 1t62? 2,ort =3 and ¢ = 2. In either case,
p(u)>8—6—t+t' + 3¢ >0. Let d(u) = 7. ByLemmab.TQ,t:3andt’ >2 ort=2and ¢ > 2, or
t < 1. In either case, p*(u) >7—-6—t+¢ + 3¢ >0. W

Lemma 3.2 Fach 4-vertex has nonnegative final charge.

Proof. Let u be a 4-vertex. Since G has no 5-cycle, u is incident with at most two 3-faces. If u is incident
with two 3-faces, then by (R1.1), u gives 1 to each incident 3-face and p*(u) = 2—1x2 = 0. If u is incident
with only one 3-face, then wu is incident with at most one 4-face since G has no 5-cycle. Thus, by (R1.1), u
gives 1 to the incident 3-face. This implies that p*(u) >2—1=1> 0. If u is not incident with any 3-face,
then by (R1.1), g*(u) >2>0. l

Lemma 3.3 Fach 5-vertex has nonnegative final charge.

Proof. Let u be a 5-vertex. Let u be not a bad vertex. Assume first that » is not incident with any
3-faces. Since G has no adjacent two 4-faces, u is incident with at most two 4-faces. If u is incident with
two 4-faces, then wu is incident with at most two (47,47, 5,5%)-faces. In this case, u is adjacent to at most
one pendent 3-faces. Thus, p*(u) >4 —2—1 > 0 by (R1.2.1). If u is incident with one 4-faces, then u

11



is adjacent to at most three pendent light 3-faces. Thus, pu*(u) >4 —1—3 =0 by (R1.2.1). If u i, mot
incident with any 4-face, u can be incident with at most three light pendent 3-faces by Lemma bTZ(l)
By (R1.2.1), u gives 1 to each of these three light pendent and % to the other two pendent 3-faces. Thus,
pr(u)>4-—1x3-2x1=0.

Thus, we assume that w is incident with at least one 3-face f;. Consider that u is 1-triangular. Since
G has no adjacent two 4-faces, u is at most one 4-face. In this case, u is either incident with a 4-face
and at most one pendent 3-face or at most three pendent 3-faces. In the former case, u gives at most 2
to the incident 3-face, gives 1 to the incident 4-face and at most 1 to the pendent 3-face by (R1.2.1) and
(R1.2.2). Thus, pu*(u) > 4—2—1—1 = 0. In the latter case, If f; is a (3,3,5)-face, then u gives 1 to
f1, at most 1 to each pendent 3-face by (R1.2.1) and (R1.2.2). Thusl,efé*(u) >4—-1x4=0. If f1isa
(3,4, 5)-face, then w is adjacent to one pendent light 3-face by Lemma bT3(1) By (R1.2.1), u gives at most
2 to the incident 3-face, at most 1 to the light pendent 3-face and % to each other pendent 3-face. Thus,
w (u) >4 —1e213— 1- % x2=0.If f; is a (3,5,57)-face, then u is adjacent to at most two light 3-vertex
by Lemma ETS(?)) By R(1.2.1), u gives 3 to the incident (3,5,5T)-face, 1 to each light pendent 3-face and
% to other the pendent 3-face. Thus, p*(u) > 4 — % —2x1-— % = 0. If f1 is a (47,47, 5)-face, then u is
adjacent to at most three pendent 3-faces. In this case, u gives 1 to the incident (4%,4%,5)-face and gives
at most 1 to each pendent 3-face. Thus, by (R1.2.1), p*(u) >4 —-1—-1x3=0.

Now, we assume that u is 2-triangular, let f; and fo be the two 3-faces incident with u. If both
of fi and fy are (3,47,5)-faces, then the isolated neighbor is a 4*-neighbor by Lemma E%%(S), hence
p*(u) > 4—2x2 =0 by (R1.2.1). If none of f; and fy is a (3,47,5)-face, then u is adjacent to a
pendent 3-face. Thus, p*(u) > 4 —2x 2 —1 = 0 by (R1.2.1). Thus, assume that f; is a (3,47,5)-face
and fy is a (3,5,57)-face. If fi is a (3,3, 5)-face, then by (R1.2), u gives 1 to f; and gives % to fz. Thus,
p*(u) >4—1—32—1=1 Assume that fi is a (3,4,5)-face. If u is not a bad 5-vertex, then the isolated
neighbor is not a light 3-neighbor. In this case, pu*(u) > 4—2—3 —1 =0 by (R1.2.1). If u be a bad vertex,
then the isolated neighbor is a light 3-neighbor. By (R1.2.1), u gives 2 to (3,5,5)-face, % to (3,4,5)-face

2
and 1 to the light pendent 3-face. Thus, p*(u) >4—-2x 3 -1=0.

Lemma 3.4 Fach 6-vertex has nonnegative final charge.

Proof. Let u be a 6-vertex with neighbor v;, where 0 < i < 5. Assume first that u is not a bad vertex. If u
is not incident with any 3-faces, then p+ ¢ < 6. By (R1.3), u gives at most 1 to each of the pendent 3-faces
or incident 4-faces. Thus, p*(u) > 6 —1 x 6 = 0. If w is 1-triangular with f; = [vgviu], then p 4+ ¢ < 4.
If f; is a rich (3,3,6)-face or a (3,47, 6)-face, then u gives at most 2 to the in(l:ie(%zeln‘L 3-face. By (R1.3.1),
p*(u) > 6—-2—-1x4=0. If f; is a non-rich (3,3, 6)-face, then by Lemma 2.12(2) at most two of the
isolated neighbors of u are light 3-vertices. Thus, p*(u) >6 -3 —1x2— % x2=0 by (R1.3.1).

If w is 2-triangular, then p = 1 or ¢ < 2. Let f; = [vgvyu] and fo = [vgv%@%)e the two 3-faces incident
with u. In the case that p = 1, let f3 is a 4-face incident with u. By Lemma 2.15(2), at most one of f; and
f2 is a non-rich (3, 3,6)-face. By (R1.3.1) and (R1.3.2), u gives at most 1 to each incident 4-face, at most 3
to the incident non-rich 3-face (3,3, 6)—fa§21%nd at most 2 the other 3-face. Thus, pu*(u) >6—-3—-2—-1=0.
Thus, assume that ¢ < 2. By Lemma 2.15(2), at most one of f; and fo is non-rich. Assume first that
both f; and f5 are rich. In this case, u gives 2 to each of the incident rich (3,3, 6)-face and at most 1 to
each of the pendent 3-face by R(1.3.1). Thus, p*(u) > 6 —2 x 2 —2 x 1 = 0. Thus, assume that f; is
non-rich (3, 3, 6)-face anfl 1};2 is rich. If f5 is a (3,3, 6)-face or (3,4, 6)-face, then at least one of vy and vs is
a 4T-vertex by Lemma bifﬁ(l) This means that u is adjacent to at most a pendent 3-face. In this case, u
gives at most 3 to f1, 2 to fo and at most 1 to the pendent 3-face. Thus, p*(u) >6—-2—-3—-1=0. If f3 is
a (3,51, 6)-face, then at most one of v4 and v is a light 3-vertex by Lemma }‘29}76(2) By (R1.3.1), u gives
3 to f1 and % to fo and 1 to the light pendent 3-face and gives % to each non-light pendent 3-face. Thus,
p(u)>6-3—323—-1-1=01If f,is a (4T,4",6)-face, then u gives 3 to fi; and 1 to f, and at most 1 to
each pendent 3-face (if they exist). Thus, pu*(u) >6—-3—-1—-2x2=0. Le180

If v is a 3-triangular 6-vertex, let f1, fo and f3 be three incident 3-faces incident with u. By Lemma 2.17,
u is incident with at most one non-rich 3-face. Assume first assume that none of f1, fo and fs is a non-rich
3-face. By (R1.3.1), u gives at most 2 to each of f1, fo and fs3. Thus, u*(u) > 6 — 2 x 3 = 0. Thus, assume
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that fi is a non-rich (3,3,6)-face. If fo is a (3,3,6)-face, then f5 is rich. By Lemma %%g(l), f3 has no
3-vertex. Thus, u gives 3 to f1,12e1t80 fo and 1 to f3 by (R1.3.1). So, u*(u) >6—-3—-2—-1=0. If f is
a (3,4,6)-face, then by Lemma bTS (2), f5 is not a (3,4, 6)-face. Since u is not a bad vertex, fs has no
3-vertex. By (R1.3.1), u gives 3 to f1, gives 2 to fo, and gives 1 to f3. Thus, p*(u) > 6-3—-2—1=0. If fy is
a (3,5T,6)-face, then we may assume that f3 is a (3,5T,6)-face or a (41,47, 6)-face by argument above. In
this case, u gives 3 to f1, and gives at most 2 to each of fo and f3 by (R1.3.1). Thus, pu*(u) > 6—3-2x3 = 0.
Finally, we assume that both fy and f3 are (47,4%, 6)-faces. By (R1.3.1), u gives 3 to fi and 1 to each of
fo and fs. Thus, p*(u) >6—-3—-1x2>0.

Let u be a bad vertex. Then w is incident with a (3,3, 6)-face, a (3,4, 6)-face and a (3,5, 6)-face. By
(R1.3.1), u gives 3 to the (3,5,6)-face, 3 to the (3,4,6)-face and 3 to the (3,3,6)-face. Thus, p*(u) >
6-2x2-3=0 1

Now we consider the final charge of Cy. Assume that f, is the number of 3-vertices adjacent to the
vertices of Cy. Let x be the charge that Cj gets from other 6*-face by (R4). By (R2), (R3) and (R4),

' (Co) = d(Co) +6+ Y (2d(u) —6) = 3(|F5| + |Fy/|) = 21FY| — f + 2

ueV(Cop)
=d(Co)+6+2 Y (d(u)—2)—2|Col = 3(|F4| + |F§|) — 2|F}| - fp + =
ueV (Co)
=6 — |Co| +2¢(Co, V(G) = V(Co)) = 3(|1F3| + | Fy'|) = 2|F}| = fp + =
=6 — |Co| + |F3| + [F5'| + 2[F{| + fp + a + 2¢". (2)

where e(Cy, V(G) — Cy) is the number of edges between Cy and V(G) — Cy and €’ is the number of edges
in (Cy, V(G) — Cp) which are neither on any 3-face nor adjacent to an internal 3-vertex. The last equality
above holds since each face from Fj U Fj U F} counts two times in e(Cy, V(G) — Cy) and each 3-neighbor
of Cy counts once in e(Cy, V(G) — Cp).

In order to show that u*(Cy) > 0, it is sufficient for us to prove that 6 — |Co| + |F§| + |F5'| + 2|F)| +
fp+x+2€¢ > 0. If |Cy| = 3, then it holds. Thus, we need to prove that if |Cy| € {7, 9}, then the inequality
holds. Suppose otherwise that for |Cy| € {7,9},

6 — |Co| + [F3| + |F3/| + 2|F{| + fp + 2 +2¢" <0. (3)

Assume first that |Cy| = 7. From (E%,zwe obtain that |Fj| + |F5' |+ 2|F} |+ f, +x +2¢’ < 1. This implies
that |Fy/| = ¢/ = 0 and at most one of | Fj|, |Fy| and fy is 1. If one of |F3|,|F4'| and f, is 1, then Cj contains
at least five 2-vertices, thus x > 1, contrary to (8). Thus, |F§| = |F§| = f, = 0 and Cj is a cycle with seven
2-vertices, a contradiction.

Finally, we assume that |Cy| = 9. From now on, we assume that Cp = v1vs . .. vg.

Claim 1. |F}| =0 and ¢ = 0.

Proof of Claim 1. Suppose first that |F}'| # 0. By (E%,z |Fy| =1 and |F3| + |F3'| + f, + € + 2 < 1. Thus,
Cy has at least seven 2-vertices and hence G has a 7T-face rather than Cy, which implies that z > 1. But
then |Fj| = |FY| = f, =€ =0, Wheich implies that Cy has nine 2-vertices, and thus « > 2, a contradiction.

Suppose now that ¢’ # 0. By (B); |¢/| = 1, |F{| = 0 and |Fj| + |F¥/| + fp + ¢ + 2 < 1. It follows that Cy
contains at least six 2-vertices. By the definition of €/, the edge that is counted in e’ is not incident to any
triangle, so it must be in 8T-face, which implies 2 > 2, a contradiction. Thus we have Claim 1.

Let U = {v € V(Cp) : d(v) > 3} = {vi,, Vig, ..., 05} with i3 < o < ... < 4; so that the vertices in U
appear on Cy in clockwise order. Let M; be the path from v;; to vy, and My be the path from v;, to vy,
following the clockwise order. Let m; be the number of interior vertices on M;. Without loss of generality,
we assume that m; = maxi<;<; m,;. Note that ¢ = 2|Fy| + |F3| + f, and Zle m; =9 —t.

For simplicity, we assume that v;, = Y1 Let f; denote the internal face whose boundary contains M;.
Note that Cy has no chord. By Lemmas }‘293 and 24, the f; must contain a path of length at least 4 whose
vertices are all in int(Cp) between v;; and v;,;,. Thus we obtain the following claim.

Claim 2. If m; > 1 for some j € {1,...,t}, then f; is a (m; + 5)"-face.
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Let t' = [{m; : m; > 0}|. By (E’c)@and Claim 1, |F3| + |F§| + fp + ¢ < 3 and thus ¢/ < 3. If
|F5| + |F |+ fp = 3, then S mi > 3. ISl m; >4, then my > 2. By Claim 2, G has a 7*-face, hence
x > 1, contrary to (&3% Thus, Y'_, m; = 3 and |FY| = 3 and |F}| = f, = = 0. Thus, we may assume that
[v1vaz1], [v4v522] and [v7vszs] are three 3-faces from FY and there is a 3-vertex y adjacent to each of z1, xo
and x3, contrary to Lemma ET(l) If |Fy| + |FY |+ fp =2, > gni = 5. Note that t' < 2. Thus, my > 3.
By Claim 2, G has a 8*-face. By (R4), x > 2, contrary to (E% If |F§| + |FY|+ f, = 1, ZE:; i 2> T
Note that ¢ = 1. Thus, m; > 7. By Claim 2, G has a 9%-face. By (R3), z > 3, contrary to (8). Thus,
|F5| + |F3'| 4+ f, = 0. In this case, G is a 9-cycle, a contradiction.
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